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Abstract
Numerical simulation technology has played a crucial role in sheet metal form-
ing processes industry during the last decades. Finite Element Analysis nowa-
days is a key contributor even in early design stages and allows manufacturing
time to be greatly reduced, by minimizing experimental trial errors. With
evolution of computational power, methodologies used in numerical simula-
tion became more sophisticated and more accurate, namely, stress integration
algorithms and element technology. During the past decades one of the biggest
concerns, however, has been over constitutive modelling. The quality and ac-
curacy of the results obtained from Finite Element analysis highly depend on
the accuracy of the constitutive model that describes the material behaviour.
In sheet metal forming processes such as deep drawing and bending, describing
accurately the anisotropy of the sheet metal is nowadays one of the biggest
challenges faced. Material anisotropy in deep drawing inﬂuences phenomena
such as wrinkling, earing and springback. Especially, highly anisotropic rigid-
packaging materials with thin gauge can lead to up to eight ears.
One of the main goals of this research work is, thus, to evaluate the capability
to predict the earing proﬁles of highly anisotropic aluminium alloys during
deep drawing processes with popular yield criteria (Hill (1948) and Yld2000-
2d) combined within the framework of Non-Associated Flow rule. The pro-
posed constitutive material model is implemented into the commercial soft-
ware LS-DYNA. For this purpose, a User deﬁned MATerial model (UMAT)
is developed that allows the use of ﬂexible yield and plastic potentials, either
with Hill (1948) or Yld2000-2d functions, and consideration of isotropic and
anisotropic hardening.
Uniaxial and equal-biaxial tension numerical simulations are performed in or-
der to validate numerical implementation and to evaluate the capability to
predict the material directionalities, namely r-values and stress-ratios. Addi-
tionally, simulation of cup drawing process of two diﬀerent aluminium alloys,
5019A-T48 and AA2090-T3, was carried out in order to analyse the accu-
racy in earing prediction of the constitutive model proposed and implemented
i
numerically.
The results have shown that prediction of six and eight ears, for the cases of
AA2090-T3 and 5019A-H48 respectively, is possible and is in good agreement
with the experimental results with ﬂexible combinations of yield and plastic
potential functions under Non-Associated Flow Rule. The use of Hill (1948)
model for the yield function and Yld2000-2d for plastic potential led to accurate
prediction of up to eight ears at a lower computational cost.
Furthermore, it was shown that implementation of anisotropic hardening into
the constitutive models aforementioned leads to a signiﬁcant improvement
of directional hardening prediction, under proportional loading, compared to
isotropic hardening model. However, the results of cup drawing simulation
suggest that this may not be cost eﬀective, for the selected applications, given
that it does not lead to signiﬁcant improvements in the earing proﬁles pre-
dicted, while the computational time was signiﬁcantly increased.
ii
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Introduction
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Chapter 1
Motivation and Objectives
Sheet metal forming is a major process in manufacturing industries such as
automotive, aerospace and packaging. Control and optimization of sheet metal
forming processes is a key propellant to reduced manufacturing costs and pro-
duction time. Experimental and trial-and-error methods were for a long time
the main pillars for this technology. However, as knowledge in the ﬁeld grew
and computing capabilities rapidly evolved focus turns into other analytical
and numerical approaches, particularly Finite Element Analysis (FEA).
Nowadays, numerical modelling and Finite Element (FE) simulations are es-
sential in the of product and process design stage. Decisions based on the
results obtained during this initial stage can aﬀect greatly the total manufac-
turing costs and ﬁnal quality of the product. For these reasons, it is crucial
that we are able to predict accurate results in several aspects of the sheet
metal forming. Moreover, increasingly complex processes and the use of new
aluminium alloys and new grades of steel are constantly being introduced given
the higher complexity and requirements of the industry. Development of ad-
equate and more complex constitutive material models capable of describing
the material ﬂow and forming forces accurately became, therefore, essential.
Microstructure of metals is polycrystalline in nature. In an annealed metal, the
crystallographic directions are randomly oriented, and at a macroscopic level
this means there is no preferred direction and the metal is therefore isotropic at
macroscopic level. However, owing to the rolling process that sheet metals go
through, most exhibit signiﬁcant anisotropy. During the rolling process a pre-
ferred orientation of crystal planes and directions gradually develops as strain
levels increase. Thence, an originally isotropic metal becomes anisotropic in
nature. Anisotropy should thus not be considered a phenomenon of rare oc-
currence. This anisotropy aﬀects the distribution of stresses and can result in
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phenomena such as earing, often happening in deep drawing processes. And,
whereas, it may be acceptable as a ﬁrst approximation to model the mate-
rial using isotropic yield criteria and/or isotropic work hardening models, it is
generally not satisfactory.
The development of ears of rolled metallic sheets in deep drawing was ﬁrst
noticed by Baldwin et al. [9], who linked through a series of analysis the pla-
nar anisotropy behaviour to earing proﬁles. Since then, several authors [26,
28, 108, 120] have studied the factors that aﬀect earing and determine the
proﬁle. More and more, research is being directed towards improved and/or
more complex yield criteria, hardening laws and constitutive material mod-
els, in the past few decades, where anisotropy is accounted for. Analytical,
polycrystalline, polynomial, and phenomenological approaches have been in-
vestigated. However, prediction of six or more ears formed from deep drawing
has only been achieved by a few models and simplicity of these models is still
a challenge [114].
The development of the numerical technology during the last decades has also
played a signiﬁcant role in earing prediction allowing for faster and more accu-
rate ﬁnite element simulations of the sheet metal forming process. Nonetheless,
it has been shown that constitutive models, in particular yield criteria, used
in ﬁnite element simulations, impact signiﬁcantly the predicted earing proﬁle.
Consequently, many researchers have focused their interest on the investigation
of alternative methodologies able to improve the accuracy and eﬃciency of the
considered numerical predictions by adopting more realistic material models.
Numerical implementation of these constitutive material models should, how-
ever, be of fairly simple implementation in order to become suitable in in-
dustrial settings and, often times, a compromise has to be set between com-
putational time and accuracy. Phenomenological approaches are usually pre-
ferred to polycrystalline models for their comparable simplicity and reduced
computational time. Therefore, the focus throughout this thesis will be on
phenomenological models.
During the past decades, several phenomenological yield criteria have been
proposed for anisotropic materials. However, many of them are based on Asso-
ciated Flow Rule (AFR) and are either of complex numerical implementation
or require a great amount of experimental data. Associated Flow Rule has
held a predominant role for several decades, it lies on the constraint of the
normality rule where plastic potential and yield function are equal. However,
inconsistencies in this formulation have been pointed out by Spitzig et al. [88]
who reported pressure sensitivity in the yield stress while no signiﬁcant plastic
dilatancy was observed in tempered martensite. As a result of these observa-
tions, a new approach was proposed by Stoughton and Yoon [90] where plastic
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potential is independent from the yield function under Non-Associated Flow
Rule (Non-AFR). In other words, the yield function and plastic potential con-
trol the magnitude of plastic ﬂow and its direction independently, resulting in
the uncoupled predictions of stress ratios and r-values.
The core motivation for this dissertation stands on experimental observa-
tions in deep drawing of highly anisotropic aluminium alloys, as has been
reported [73, 110, 111, 114], where up to six to eight ears are formed. It is
important that this phenomenon can be predicted numerically , and some at-
tempts have been made in that direction. Yoon et al. [114] implemented in
a ﬁnite element platform the anisotropic yield function Yld2004-18p proposed
by Barlat et al. [14], based on Associated Flow Rule, and were able to predict
up to six or eight ears. Yoon et al. [111], on the other hand, used Yld2000-2d
Non-AFR based modelling and achieved similar results. Park and Chung [73]
developed and implemented numerically a constitutive formulation based on
Non-AFR under isotropic-kinematic hardening and obtained results in good
agreement with the experimental observations.
In addition to Non-AFR or AFR approach, and the anisotropic yield criteria
on which the constitutive model is based, description of work hardening of
the material is also a current relevant challenge in sheet metal forming. With
that in mind, it is also a motivation to the current research work, the develop-
ments and models proposed to describe anisotropic hardening. Stoughton and
Yoon [93] have proposed an anisotropic hardening model based on Non-AFR
with Hill (1948) and modelled directional uniaxial and equal-biaxial tension
tests whose results suggest that this model can improve the predictions of
earing proﬁle in deep drawing simulations.
The main goal of this thesis is, therefore, to implement numerically into a
commercial FEA software a constitutive material model that is both relatively
simple to implement and able to describe the anisotropy of sheet metals ac-
curately. Moreover, the model is expected to be able to predict earing during
cup drawing of aluminium alloys accurately and, therefore, support sheet metal
forming industry capability of supplying sophisticated products manufactured
from newly developed, diﬃcult-to-form alloys, as in the case of rigid-packaging
applications.
The main tasks and goals of this research include, therefore:
  Implement numerically a Non-Associated Flow Rule model for which
the yield function and plastic potential formulations are chosen inde-
pendently, allowing for the combination of Hill (1948) and Yld2000-2d
within the same constitutive model.
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  Evaluate performance of the Non-AFR constitutive models implemented
in predicting anisotropic directionalities, Lankford coeﬃcients and stress
ratios, under proportional loading conditions.
  Investigate the comparative performance of diﬀerent constitutive models
based on Non-Associated Flow Rule, and the diﬀerent yield and plas-
tic potential functions, Hill (1948) and Yld2000-2d, under proportional
loading conditions and earing proﬁle during cup drawing.
  Study the eﬀect of an anisotropic distortional hardening model with a
mixed Non-AFR constitutive model under the proportional loading con-
ditions.
  Evaluate performance in predictions of earing proﬁles considering an
anisotropic hardening model within a mixed Non-AFR based material
model.
  Compare FE simulation results including directionalities predictions and
earing proﬁles, to experimental observations.
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Chapter 2
Overview
This dissertation is split into four parts. In Part I, motivation for the research
work described in this thesis is followed by the main goals and tasks that were
hoped to be accomplished.
Part II of this thesis is dedicated to introducing some of the basic concepts
of Classical Plasticity Theory and Continuum Mechanics that are required
for understanding of the formulations for the constitutive material models
implemented in the current work. A brief review of the yield criteria available
today follows, and explanation of the cornerstone criteria for the development
of the current work is provided.
Part III includes Chapters 4–6 and refers to Modern Plasticity Theory in which
the current constitutive material model is framed. In Chapter 4, a literature
review of Non-Associated Flow Rule and anisotropic distortional hardening
constitutive models studied in the past decades is outlined. Subsequently, in
Chapter 5 the methodology used in implementation of the proposed consti-
tutive model is described. Constitutive modelling formulations are explicitly
deﬁned and the stress integration algorithms used are explained. Addition-
ally, material characterisation is given for the three aluminium alloys selected
for this work. In Chapter 6, ﬁnite element procedures for validation of the
proposed Non-Associated Flow Rule and Anisotropic Hardening models are
described and the results discussed. Furthermore, cup drawing simulations of
the selected materials and respective results are described and discussed.
Part IV summarises the ﬁnite element simulation results and outlines the main
ﬁndings of this dissertation.
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Classical Plasticity Theory
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Chapter 3
Theoretical Background for
Continuum Mechanics
Plasticity theory studies the mechanics involved during permanent or irre-
versible deformation (plastic deformation) of material bodies subject to ex-
ternal forces. It deals with the stresses and strains in a body, and describes
mathematically the stress-strain and load-deﬂection relationships. As opposed
to what happens in the elastic regime of a material, in which the strain state
depends only on the ﬁnal stress state, in plastic regime the strains depend on
the loading history. This results in signiﬁcantly more complex formulations
required to describe ductile materials behaviour.
Most metals are macroscopically homogeneous and regarded as isotropic given
the random distribution of the orientation of the crystallographic grains that
form the aggregate. Uniaxial tension and compression mechanical tests along
any direction of the material would suﬃce for characterisation of the elastic-
plastic behaviour of isotropic materials. Classical plasticity models for isotropic
materials, such as the well established criteria by Tresca [98] or by Mises [102],
which will be explained in detail further ahead in this chapter, are appropriate.
However, severe plastic deformation of the metal invariably results in crystal-
lographic planes and directions to rotate towards preferred orientations and
anisotropy is developed.
In fact, it is well established that the processes such as rolling, extrusion and
drawing induce a severe degree of anisotropy to the sheet metal, which in
turn, is the root of undesired features in the ﬁnal product as is earing of deep-
drawn cups [46]. While for some purposes, a ﬁrst approximation based on
isotropic models can be satisfactory, the anisotropy of the material mechanical
properties require, clearly, a more elaborate constitutive material model which
8
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considers the properties along diﬀerent materials directions. Experimental
data for these anisotropic formulations are usually obtained from uniaxial and
equal-biaxial tension tests performed in diﬀerent directions of the material
from the rolling direction.
Several approaches have been developed for incorporating anisotropic plastic-
ity in metal forming analysis. Phenomenological or crystal plasticity models
can be used to describe the behaviour of anisotropic materials. While each
approach has its advantages, a phenomenological approach is chosen for this
work. It is usually characterised by its simple mathematical formulations, di-
rect calibration from experiment, and ease implementation in Finite Element
codes and result in fairly reduced computation times [10, 19].
For clarity and progression on the topic of this thesis, Continuum Plasticity
basic concepts are ﬁrstly introduced. This chapter includes the deﬁnition of
some of the basic concepts of the plasticity theory, which is followed by a
description of the state of the art models applied nowadays and Finite Element
implementation and material modelling.
For more comprehensive knowledge in Classical Plasticity Theory and Solid
Continuum Mechanics, published works such as the one by Malvern [65] and
Khan and Huang [59] can be consulted, among others. Plasticity and Finite
Element implementation concepts are tackled in more depth in, for example,
the published work by Banabic [10].
3.1 Kinematics and Motion
It it important to deﬁne the two types of description of the motion of a con-
tinuum traditionally used in Solid Continuum Mechanics. In a material, ref-
erential or Lagrangian description, the position of a particle in an arbitrarily
chosen coordinate system, X, and the time, t, are the independent variables.
The motion is therefore expressed in terms of the referential position coordi-
nates and time and can be described by the following expression,
x = x(X, t) (3.1)
where x is the position vector of a particle P , and X is the position vector
of the same particle in the reference or initial conﬁguration. The reference
conﬁguration is assumed to be the conﬁguration at t = 0.
In a spatial or Eulerian conﬁguration, the current conﬁguration is the reference
conﬁguration and the independent variables are the current position x and the
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current time t. The Eulerian description of motion can hence be described by
the following mapping,
X = X(x, t) (3.2)
which represents the inverse of the one given in Lagrangian conﬁguration.
Note that the mapping equations above can cause some confusion in that, for
example, in Equation 3.1 the symbol x in the ﬁrst term has a diﬀerent meaning
than the same symbol on the second term of the equation. Whereas the ﬁrst
represents the position vector in the current conﬁguration, the one on the right
hand side represents the mapping function whose independent variables are X
and t. Analogously, the same can be said regarding the meaning of the symbol
X in Equation 3.2. Both formulations are continuous and have continuous
partial derivatives.
The Eulerian description is more commonly applied to ﬂuid mechanics since
its focus is on a speciﬁc ﬁxed point in space. In ﬂuids mechanics the kinematic
variables of most interest are the rates at which change occurs, and therefore,
the primary variables are velocities. On the other hand, in solid mechanics, the
primary variables are the displacements given that the attention is turned to
the change of shape of the body. In segue, throughout this thesis the latter is
the adopted approach. Additionally, rectangular cartesian coordinate systems
will be used, for the sake of simplicity.
The coordinates of the position vector X are called the reference or material
coordinates, while for the position vector x are called current or spatial coor-
dinates. Variables and material properties referring to the initial or reference
conﬁguration are commonly identiﬁed with uppercase letter symbols and the
ones corresponding to the current or spatial by lowercase.
The motion of a particle P initially with position X at t = t0 to a position x
at time t, can be described deﬁning a displacement vector u as
x = X+ u. (3.3)
The displacement vector can thus be rewritten in both both material and
spatial descriptions as
u(X, t) = x(X, t)−X (3.4)
u(x, t) = x−X(x, t) (3.5)
Chapter 3 Mariana Paulino Santos 10
Anisotropy for Metals in Non-Associated Flow Plasticity
respectively. However, these equations have diﬀerent physical meanings. Whereas
Equation 3.4 gives the displacement of the particle that occupied the position
X in its reference conﬁguration at time t, Equation 3.4 will describe the dis-
placement of any particle that occupies the current position x. The concepts
deﬁned previously are illustrated schematically in Figure 3.1.
Figure 3.1: Reference and current conﬁgurations of a continuum solid and displace-
ment vectors.
Rigid body rotation should not give rise to additional strains or stresses. The
formulations should be objective or frame invariant, as well as the strain and
stress measures in these formulations. Various diﬀerent measures of stresses
and strains are deﬁned in the literature, some of the most relevant and used
in this dissertation will be introduced in the following sections.
Strain Measures
Deformation Gradient
The deformation gradient tensor, F, is a linear operator that relates a material
line in a body in its initial conﬁguration – designated dX – and its current
deformed conﬁguration – dx. From Equation 3.1, which gives the relationship
between points in the initial and current conﬁgurations, the relationship for a
line element can be obtained by the following formulation:
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dx =
∂x
∂X
· dX = F · dX (3.6)
where
F = ∇x = ∂x
∂X
(3.7)
and is designated by deformation gradient. When expressed in component
form, it is given by
FiJ =
∂xi
∂XJ
(3.8)
where the indices are represented by upper and lower case for the two sets
of coordinate systems, material and spatial, respectively. The deformation
gradient is, thus, deﬁned using both coordinate systems and it is for that
called a two-point tensor. It is, therefore, clear that this tensor is not objective.
Nonetheless, it plays an important role in the derivation of stress and strain
measures that will follow.
One property of the deformation gradient of great signiﬁcance is what is called
the polar decomposition theorem. This theorem states that a non-singular
second order tensor, such as F, can be decomposed into a unique product of
two matrices as follows:
F = R ·U = V ·R (3.9)
where R is an orthogonal rotation tensor, and therefore,
RRT = I (3.10)
where I is the identity tensor and U and V are symmetric tensors. Hence,
U = UT and V = VT. (3.11)
U and V are called right and left stretch tensors, respectively.
The deformation gradient does not account for rigid body translations. In fact,
when there is only rigid body translation, i.e., there is no stretching or rotation,
F = I. Moreover, if there is no deformation but there is rigid body rotation,
then F = R, independently of the occurrence of rigid body translation.
Chapter 3 Mariana Paulino Santos 12
Anisotropy for Metals in Non-Associated Flow Plasticity
Strain Rate Measures
Let us consider two neighbouring material particles at positions x and x+ dx
in the reference conﬁgurations, andX andX+dX in the current conﬁguration,
respectively. The diﬀerence in velocities in the current conﬁguration caused by
an inﬁnitesimal variation of the position coordinates, i.e., the spatial velocitiy
is deﬁned as
dv =
∂v
∂x
dx (3.12)
A (spatial) velocity gradient can be deﬁned from the equation above and is
designated by
L =
∂v
∂x
; Lij =
∂vi
∂xj
(3.13)
and it can be decomposed into a symmetric and a skew-symmetric part,
L =
1
2
(L+ LT) +
1
2
(L− LT) ≡ d+w (3.14)
where d is the rate of deformation tensor and w is the spin tensor,
d =
1
2
(L+ LT); dij =
1
2
(
∂vi
∂xj
+
∂vj
∂xi
)
(3.15)
w =
1
2
(L− LT); wij = 1
2
(
∂vi
∂xj
− ∂vj
∂xi
)
. (3.16)
Equation 3.12 can thus be rewritten,
dv = (d+w)dx (3.17)
A physical interpretation can readily be understood from the formulation.
When all the rate of deformation tensor components are equal to zero, then
only rigid body motion occurs. Moreover, when all the spin tensor components
are set to zero, pure deformation (no rigid body motion) occurs. The rate of
deformation tensor, d, is thus an objective tensor. It will be useful ulteriorly
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to note that, in small deformation analyses, this is equivalent to the time
derivative of the strain tensor, i.e., dij = ε˙ij.
Stress Measures
Various diﬀerent stress measures are used in solid continuum mechanics. Here,
the deﬁnitions of the most commonly used in computational mechanics will be
given. The stress tensors deﬁned in this section describe the internal forces
of a body, which result from is external loads action. The stress measure
chosen will, in general, depend mostly on the degree of simplicity it provides
in determining its work-conjugate strain measure. Cauchy stress and Kirchhoﬀ
stresses are not conjugate to any convenient strain measure, whereas the First
and Second Piola-Kirchhoﬀ stresses are conjugate to the deformation gradient
and to the Lagrange strain tensor, respectively.
Figure 3.2 illustrates a solid body with a smooth surface passing by the point
P . A surface element in the vicinity of the point P is deﬁned by Γ with
an outward unit normal n. The force applied in the current conﬁguration is
represented by the force vector t.
Figure 3.2: Stress vector and tensor, and normal to surface representations.
Cauchy Stress Tensor
The Cauchy stress tensor σ, also called true stress tensor, measures the force
per unit area in the current conﬁguration (Figure 3.2). The tensor relates to
a stress vector (or traction vector) t by
t = n · σ (3.18)
where n is a unit vector normal to the boundary surface where traction is
acting upon. The Cauchy stress tensor can be shown to be symmetric and,
Chapter 3 Mariana Paulino Santos 14
Anisotropy for Metals in Non-Associated Flow Plasticity
therefore, σ = σᵀ. In matrix form, it can be represented as
σ = [σij] =
⎡
⎢⎢⎢⎣
σxx σxy σxz
σyx σyy σyz
σzx σzy σzz
⎤
⎥⎥⎥⎦ =
⎡
⎢⎢⎢⎣
σxx τxy τxz
τyx σyy τyz
τzx τzy σzz
⎤
⎥⎥⎥⎦ (3.19)
for a cartesian coordinate system (x, y, z).
As has been mentioned, the Cauchy stress tensor is deﬁned in the current
conﬁguration, i.e., it is a function of the spatial coordinates. However, stress
tensors deﬁned in the reference conﬁguration can often be more convenient.
Jaumann Stress Rate
Given the dependency on plastic deformation history of the stress, constitutive
equations of elastic-plastic materials are usually written in an incremental
form. Hence, instead of stress tensors, their material derivatives are used in the
formulations. However, it can be demonstrated that even though the Cauchy
stress tensor is objective, its material derivative is not and consequently can
not be used in constitutive formulations. This is also true for Kirchhoﬀ stress
rate. To overcome this a Cauchy stress rate (or co-rotational stress rate) was
brought out by Jaumann, standing out among other objective stress rates for
use in numerical computations. The co-rotational stress rate is deﬁned by,
σ∇ = σ˙ + σ ·w −w · σ (3.20)
where w is the spin tensor deﬁned in Equation 3.16, and
σ∇ = C : d (3.21)
where C is the elasticity tensor and the rate of deformation tensor d is deﬁned
in Equation 3.15. Stress integration based on this type of objective stress rate
for elastic-plastic materials can be done by using
σ(t+Δt) = σ(t) + σ˙Δt (3.22)
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with which stress rotation is performed before calling the constitutive mate-
rial model subroutine [64]. σ˙ is given by Equation 3.20 and Δt is the time
increment. Stress is updated for a half-step co-rotational stress rate as
σn+1 = σn +
(
σnwn+1/2 +wn+1/2σn + σ
∇
n+1/2
)
Δtn+1/2 (3.23)
where
σ∇n+1/2Δtn+1/2 = C : Δεn+1/2, (3.24)
Δεn+1/2 = dn+1/2Δtn+1/2. (3.25)
Cauchy Stress Invariants
For inﬁnitesimal deformations, the diﬀerence between the Cauchy and the
Piola-Kirchoﬀ stress tensors is negligible. Therefore, the stress tensor used
throughout this thesis will refer to the Cauchy stress tensor σ. Its components
in any orthogonal coordinate system can be represented by a symmetric matrix
of second order as
σ =
⎡
⎢⎢⎢⎣
σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33
⎤
⎥⎥⎥⎦ (3.26)
where σij = σji for i = j. Given its symmetry, only six components are
independent. A stress state at any material point can thus be said to be
uniquely characterised by six independent stress components.
The principal stress components of the Cauchy stress tensor can be calculated
using the equation system
| σ − λI |= 0 (3.27)
or ∣∣∣∣∣∣∣∣∣
σ11 − λ σ12 σ13
σ21 σ22 − λ σ23
σ31 σ32 σ33 − λ
∣∣∣∣∣∣∣∣∣
= 0 (3.28)
Equation 3.28 can be expanded to the characteristic equation
λ3 − J1λ2 + J2λ− J3 = 0 (3.29)
where λi (i = 1, 2, 3) are three real roots of the characteristic equation, or
eigenvalues, and
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J1 =tr(σ) = σ11 + σ22 + σ33
J2 =1/2
[
tr(σ)2 − tr(σ2)]
=σ11σ22 + σ22σ33 + σ33σ11 − σ212 − σ223 − σ231
J3 =det(σ) = σ11σ22σ33 + 2σ12σ23σ31 − σ11σ223 − σ22σ231 − σ33σ212
(3.30)
are the invariants of the stress tensor, which are independent of the coordinate
system’s orientation. For each eigenvalue, there is a non-trivial solution in the
equation (σij−λδij)nj = 0 for nj (j = 1, 2, 3). These are called the eigenvectors
and deﬁne the principal directions. Together with the principal stresses σ1, σ2,
and σ3, these can uniquely deﬁne a stress state.
Subsequently, the Cauchy stress invariants can also be expressed in terms of
the principal stresses as
J1 =σ1 + σ2 + σ3 (3.31)
J2 =σ1σ2 + σ2σ3 + σ3σ1 (3.32)
J3 =σ1σ2σ3 (3.33)
3.2 Associated Flow Rule
In conventional classical plasticity theory, for an isotropically hardening ma-
terial with positive work hardening, the yield criterion is given by the general
expression
f(σ, ε¯p) = σ¯(σ)− ρ(ε¯p) = 0 (3.34)
where σ¯(σ) = σ¯(σij) is a continuously diﬀerentiable function of the stress state
called yield function, and ρ(ε¯p) is a scalar function of the equivalent plastic
strain ε¯p representing the stress-strain relation.
Recalling the loading-unloading conditions (Kuhn-Trucker conditions), it can
be demonstrated that the yield criterion can be expressed as in the following
σ¯(σ) < ρ(ε¯p) pure-elastic
σ¯(σ) = ρ(ε¯p) and ˙¯σ(σ) ≤ 0 pure-elastic (3.35)
σ¯(σ) = ρ(ε¯p) and ˙¯σ(σ) > 0 elastic-plastic
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The eﬀective plastic strain ε¯p is obtained by integration of the eﬀective plastic
strain rate ˙¯εp, which is derived from the ﬂow rule
ε˙p = ˙¯εp
∂σ¯p
∂σ
(3.36)
where σ¯p = σ¯p(σ) is a continuous diﬀerentiable function of the stress tensor
designated by plastic potential, and the eﬀective plastic strain rate ˙¯εp is used
as a proportionality factor. The Associated Flow Rule (AFR) is based on the
assumption that the plastic potential and the yield function are equal [39]:
σ¯p(σ) = σ¯y(σ) (3.37)
where both functions homogeneous or non-homogeneous functions of the stress
tensor of any rank. The subscripts y and p will be used to designate yield and
potential functions throughout this thesis.
The Associated Flow Rule is often referred to as the Normality Rule, Principle
of Maximum Plastic Work, or even Drucker’s Postulate. In fact, the con-
cepts are equivalent and they can be related to Drucker’s stability criteria [40].
Drucker derived the AFR from the assumption that the second order plastic
work rate is possible for all possible modes of plastic deformation [39]. The so
called Drucker’s Postulate can be deﬁned as
σ˙ε˙p > 0 ∀ σ (3.38)
for any material with positive work hardening. Bland [27] later proved that
Drucker’s postulate is always satisﬁed if AFR is assumed. Additionally, Franchi
et al. [42] demonstrated that the convexity constraint is also equivalent to the
postulate in Equation 3.38.
Drucker also proved that if the postulate in Equation 3.38 were true, then the
ﬁrst order plastic work rate would also always be positive, i.e.,
σε˙p > 0 ∀ σ, ε˙p (3.39)
Equation 3.39 constitutes, in fact, a requirement for the plastic deformation
process to be always dissipative, which in turn is a condition for plastic sta-
bility [40]. Furthermore, it was shown by Hill [47] that satisfying the AFR
guarantees uniqueness of the stress state for any given strain increment.
Metal forming processes involve complex combinations and nonlinear loading
paths. These can originate not only an abrupt change in both the magnitude
and direction of plastic ﬂow. It is crucial, thus, that the constitutive models
used in numerical simulation provide the required level of stability for general
loading condition [91]. The general stability requirements for rate and tem-
perature insensitive material models for positive hardening materials includes:
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  Rate of plastic work must be positive, as well as the equivalent plastic
strain rate of change;
  Unambiguous deﬁnition of the rate of change of all state variables for
both strain-rate and stress-rate controlled boundary conditions;
  The strain state must remain unchanged for any closed-loop loading path
that does not expand the yield surface;
  The net amount of work on any closed cycle of strain must be positive
for all possible deformation paths.
The Associated Flow Rule ensures that all the four stability conditions are
satisﬁed and has been shown to be a suﬃcient condition for plastic stability,
however, this does not mean that it is a necessary condition. In fact, a Non-
Associated Flow Rule has been shown to be able of satisfying the stability
criteria aforementioned by Stoughton and Yoon [91].
3.3 Yield Criteria
The comprehensive constitutive description of material plastic behaviour in a
general stress-state must include three elements:
  a yield criterion which determines the limit at which the materials begin
to plastically deform,
  a ﬂow rule describing the relationship between stress and strain-rates,
  a hardening rule describing the evolution of the yield stress as material
starts to harden.
The point at which the material starts deforming plastically (yield point) in
uniaxial tension can be established through a stress-strain curve. When the
material is under multiaxial loading, however, this task is no longer as simple
and more complex criteria have to be employed. A formulation encompassing
the stress components of a full stress state is necessary to deﬁne this limit,
usually deﬁned as the yield criterion,
F (σ) = 0. (3.40)
The yield function describes a surface in the six-dimensional stress space (hy-
persurface) usually called the yield surface. It includes all possible stress states
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correspondent to yielding of the material. Furthermore, all the points located
inside of the closed surface correspond to an elastic state of the material and,
all the points on the surface relate to a plastic state of deformation, i.e.,
F (σ) < 0 elastic regime
F (σ) = 0 elastic-plastic regime.
(3.41)
For homogeneous isotropic materials, the magnitude of the principal stresses
is suﬃcient to deﬁne the elastic/yielding range of the material, since the ma-
terial properties are the same in any direction. However, yield criteria for
anisotropic materials usually require the representation of a full stress state,
i.e., the six independent stress components of the stress tensor. Alternatively,
three principal stresses and the three respective principal directions can be
used.
Two of the ﬁrst yield criteria developed for isotropic materials in metal plastic-
ity were proposed by Tresca (maximum shear stress criterion) [98] and Huber–
von Mises (strain energy criterion) [57, 102] before early nineties. These are,
nonetheless, still two of the most widely used formulations for isotropic materi-
als in the present day. Moreover, these models constitute a starting ground for
many of the more complex and precise models developed more recently, both
for isotropic and anisotropic materials [10, 66]. The description and formula-
tions of these criteria will be presented in the following section. Drucker [38]
and Hershey [45] further developed formulations that described yield criteria
between Tresca and Mises yield surfaces.
Microstructure of metals is polycrystalline in nature, however, the crystal-
lographic directions are randomly oriented and the metal is isotropic at a
macroscopic level. Nonetheless, forming processes (such as rolling, extrusion
and drawing) induce a preferred orientation of the crystallographic directions.
Unarguably, in any further forming processes the actual anisotropy of the ma-
terial must be taken into consideration and it became necessary to develop
yield criteria that incorporate anisotropy parameters.
A yield criterion for anisotropic materials was ﬁrst developed by von Mises in a
quadratic form [103]. This model was ﬁrst formulated to describe a single crys-
tal anisotropy, however, later it was also used for polycrystals. Hill [46], in turn,
proposed the yield criterion commonly know as Hill (1948) that originates as a
generalisation of Mises [102], which for an orthotropic material is reduced to a
quadratic formulation with six coeﬃcients of anisotropy. Due to the incapabil-
ity of this yield criterion to predict a so called ’anomalous’ behaviour [74, 107],
Hill [48–50] later developed non-quadratic formulations (Hill (1979), Hill (1990)
and Hill (1993)) able to describe this behaviour. Based on the isotropic formu-
lation proposed by Hershey [45] and Hosford [51] a series of anisotropic yield
criteria based on crystal plasticity have been developed [15, 19, 24, 52, 58].
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These yield criteria, however, are not considered suitable to describe the plastic
anisotropy of aluminium alloys accurately. Gradually more complex anisotropic
criteria have been proposed, most of these including eight or more anisotropy
coeﬃcients. Barlat et al. [13, 16] proposed a function for plane stress, based
on linear transformations of the stress tensor, which used eight material pa-
rameters. Subsequently, Aretz and Barlat [5] and Barlat et al. [14], proposed
a 3D yield criterion also based on linear transformations, called Yld2004-18
that uses 18 anisotropy coeﬃcients. The latter was one of the ﬁrst few phe-
nomenological yield criterion which describes anisotropy as far as to predict
more than four ears in cup drawing simulations.
Also based on Hershey’s [45] isotropic formulation, by adding weight to the
coeﬃcients, Banabic et al. [12] proposed a new anisotropic yield criterion. This
model has since been improved by Banabic et al. [11] and Aretz [3] and, later, it
was shown by Barlat et al. [25] that in fact the former anisotropic yield criterion
BBC2003 is equivalent to Yld2000-2d [16] even though the latter is based on
two linear transformations, instead of addition of coeﬃcients to Harshey’s for-
mulation. Other phenomenological yield criteria include, for example, Cazacu
and Barlat’s [29, 30], who proposed a yield criterion for anisotropic aluminium
alloys based on generalisations of invariants of the stress tensor, and Vegter
and Van Den Boogaard’s [99], who made use of Bezier interpolation to describe
planar anisotropy.
Polynomial formulations have also been a common approach in recently pro-
posed anisotropic yield criteria, mainly following Hill’s [47] general formulation,
such as Hu’s [55, 56] and Soare’s [85].
A more in-depth analysis of the state of the art yield criteria was presented by
Michno and Findley [66] and more recently by Banabic [10]. In this section,
the anisotropic yield criteria implemented Hill (1948) [46] and Yld2000-2d [16]
will be described, as well as the isotropic criteria that led to development of
the former, Tresca [98], Mises [102] and Hershey’s [45].
Yield criteria for isotropic materials
If the material is isotropic, the yielding depends only on the magnitudes of the
principal stresses. For such materials the yield criterion in Equation 3.40 can
be rewritten
F (σ1, σ2, σ3) = 0 (3.42)
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Tresca
The yield function proposed by Tresca [98] in 1864 for isotropic materials is
known to be the ﬁrst well established yield criterion in continuum mechanics,
and is still used for various applications nowadays. The criterion postulates
that plastic deformation occurs when the maximum shear stress reaches a
critical value κ. Mathematically, it can be written as
τmax = κ elastic-plastic deformation
τmax < κ pure elastic deformation
(3.43)
which, in terms of principal stresses, it becomes
max
( |σ1 − σ2|
2
,
|σ2 − σ3|
2
,
|σ3 − σ1|
2
)
= κ (3.44)
or simply,
1
2
(σmax − σmin) = κ (3.45)
It can be shown that Tresca’s yield surface is a regular-hexagonal cylinder
parallel to the hydrostatic stress axis and by a regular hexagon in the π-plane.
For plane stress conditions, i.e., when σ3 = 0, Equation 3.44 reduces to
σ1 − σ2 = ±2κ
σ1 = ±2κ
σ2 = ±2κ
(3.46)
The plane stress representation is, thus, an hexagon in the principal (σ1 − σ2)
stress space, as illustrated in Figure 3.3.
The material constant κ can be determined by performing a uniaxial tension
test, with
σ2 = σ3 = 0 and σ1 = σy (3.47)
where σy is the yield stress in simple tension. By substitution in Equation 3.44,
one obtains
κ =
σy
2
. (3.48)
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Huber–Mises
First published by Huber [57] and very often mistaken to be originally sug-
gested by von Mises [102], Huber–Mises yield criterion is more commonly
known as the von Mises yield criterion, or simply Mises yield criterion. This
model is based on the assumption that plastic yielding will only occur when
the second invariant of the deviatoric stress tensor S reaches a critical value
κ2, which is a material property, and it can be deﬁned as:
J ′2 − κ2 = 0 elastic-plastic deformation
J ′2 < 0 pure elastic deformation
(3.49)
which, in terms of stress components, can be determined by
1
6
[
(σxx − σyy)2 + (σyy − σzz)2 + (σzz − σxx)2
]
+ σ2xy + σ
2
yz + σ
2
zx = κ
2 (3.50)
or, in terms of principal stresses,
1
6
[
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2
]
= κ2. (3.51)
The resultant yield surface is, hence, represented by a circular base cylinder
parallel to the hydrostatic stress axis. On the π-plane the locus is a circle with
a radius equal to
√
2κ.
For a plane stress state, the formulation given by Equation 3.51 is reduced to
σ21 − σ1σ2 + σ22 = 3κ2 (3.52)
which, in σ1 − σ2 stress space is represented by an ellipse as illustrated in
Figure 3.3.
Similarly to the procedure for Tresca yield criterion, the material constant κ
can be obtained by performing a uniaxial tension test. Substituting Equa-
tion 3.47 into 3.51 results in
κ =
σy√
3
(3.53)
where σy is the yield stress in uniaxial tension.
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Hershey
Hershey [45] introduced a non-quadratic formulation of the yield criterion
based on Norton [68] and Bailey’s [8] non-linear creep laws. Independently,
this formulation was also presented by Hosford [51] later. In terms of principal
stresses, it can be written as
(σ1 − σ2)a + (σ2 − σ3)a + (σ3 − σ1)a = 2Y a (3.54)
where Y is the uniaxial yield stress and a is a non-negative parameter deter-
mined based on the material crystallographic structure. Hershey’s formulation
can be reduced to the Mises yield criterion for a = 2, whereas for a = 1 or
a → ∞ it resembles Tresca. Additionally, for 1 < a < 2 and a > 4 the yield
surface will fall between Tresca and Mises. The yield surface for a = 8 is
illustrated together with Tresca and Mises yield surfaces in Figure 3.3, in the
principal plane stress space.
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Mises
Hershey (a=8)
Figure 3.3: Representation of Tresca, Mises and Hershey (for a = 8) yield surfaces
in the principal plane stress space σ1 − σ2.
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Yield criteria for anisotropic materials
As highlighted before, the determination of a yield criterion capable of describ-
ing the anisotropy of a material is of great importance. Furthermore, determi-
nation of the material parameters necessary to characterise the behaviour of
a speciﬁc material is challenging, and the yield stress (σy) in uniaxial tension
does not suﬃce as it does in the case of isotropic materials.
The yielding properties of anisotropic materials are directional. Hence, the for-
mulation of a yield criterion for anisotropic materials will depend on the refer-
ence frame. In this thesis, we shall consider the anisotropy of cold-rolled sheets
only. These sheets possess a characteristic symmetry called orthotropy [10, 46].
It means there exist three mutually orthogonal planes of symmetry at every
point. The lines intersecting these planes are the so called orthotropy axes
and their orientations are globally deﬁned after the rolling process set-up itself
(see Figure 3.4) : rolling direction (RD), transverse direction (TD) and normal
direction (ND). In fact, in cold-rolled sheets, plastic properties not only diﬀer
along the thickness direction (known as normal anisotropy), but also vary with
the in-plane orientation (known as planar anisotropy). The latter is largely
known as the major contributor to the earing proﬁle resultant in deep drawing
processes. Normal anisotropy, on the other hand, is considered responsible for
the drawability.
Figure 3.4: Orthotropy axes of a rolled sheet and directions: RD - rolling direction,
TD - transverse direction, ND - normal direction.
The simplest form of the yield criterion is with respect to the coordinate system
associated with axes of symmetry of the material. In the criteria presented
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below, we will see the coordinate system (x,y,z) being coincident with the
orthogonal coordinate system formed by (RD,TD,ND).
Some of the ﬁrst attempts to formulate a yield criterion capable of describing
the behaviour in diﬀerent directions of anisotropic materials were based on
conferring them higher complexity to the available criteria (such as von Mises
or Hershey yield criteria) [69, 103]. Determination of the additional material
parameters incorporated in most anisotropic yield criteria requires a number
of experimental mechanical tests. Subsequently, their deﬁnition will be given
in the following section.
Anisotropy coeﬃcients
The coeﬃcients used in anisotropic yield criteria are usually functions of two
separate properties of the material with respect to these directions: yield stress
ratios and plastic strain ratios (Lankford coeﬃcients).
Stress-ratios The stress-ratios or yield stress ratios can be determined per-
forming simple uniaxial tension tests along various directions of the sheet
metal. Taking the rolling direction as the reference direction, the (yield) stress
along this direction is deﬁned as σ0. Subsequently, the (yield) stress along the
transverse direction is deﬁned as σ90 since the direction is rotated by 90
◦ from
the rolling direction. The stress-ratios are given by:
σθ
σ¯
(3.55)
where θ is the angle formed with the rolling direction ranging from 0◦ to 90◦,
and σ¯ is the reference yield stress. The rolling direction is often assumed to
be the rolling direction (σ¯ = σ0). An also common reference yield stress is the
equalbiaxial stress σb (σ¯ = σb).
Clearly, more complex constitutive material models beneﬁt from a larger num-
ber of data available and some of the yield criteria available today will use as
many as seven diﬀerent stress-ratios and the yield stresses are measured along
every 15◦ between the rolling and the transverse direction – σ0, σ15, σ30, σ45,
σ60, σ75, σ90. Additionally, the yield stress of the material under equal-biaxial
loading can be measure by means of, for example, a bulge test. This balanced
biaxial (yield) stress (or simply, biaxial yield stress) is usually designated by
σb.
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Lankford coeﬃcients or r-values The Lankford coeﬃcient (also called
r-value, or plastic strain ratio) is a measure of plastic anisotropy of rolled
sheet metal [62]. Similarly to stress-ratios, these coeﬃcients can be obtained
via uniaxial tension mechanical tests, as well as bulge testing. The r-value is
deﬁned by the ratio r,
r =
εw
εt
=
ε22
ε33
(3.56)
where εw and εt are the plastic strains in the width and the thickness directions,
respectively. For an isotropic material this ratio is equal to one (r = 1) for the
strains will be equivalent in all directions.
The thickness plastic strain in rolled sheet metal specimens, however, is diﬃcult
to measure given that the thickness dimension is much smaller than its width
and this can lead to signiﬁcant diﬀerences in the error measurements. For this
reason, based on the plastic volume constancy principal, the r-value is obtained
from the specimen’s length and width. The principal of volume constancy
during plastic deformation is given by
ε11 + ε22 + ε33 = 0 (3.57)
and thus, Equation 3.56 is equivalent to
r = − ε22
ε11 + ε22
(3.58)
The Lankford coeﬃcient, like the yield stress, depends on the in-plane direc-
tion, and for the same purpose, the coeﬃcients rθ for a given angle relative to
the rolling direction can be obtained,
rθ =
εθ+π/2
εzz
(3.59)
where εzz is the plastic strain through thickness.
Identically, a biaxial coeﬃcient of anisotropy [16] can be deﬁned
rb =
ε22
ε11
. (3.60)
The biaxial r-value can be calculated by measuring the plastic strains along
the respective directions during a bulge test, for example.
In anisotropic yield criteria, such as Yld2000-2d [16], r-values are measured
along successive directions in plane rotated from the reference direction and
often the input data necessary for these formulations include r0, r15, r30, r45,
r60, r75, r90 and rb.
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Hill (1948)
Hill’s yield criterion [46] was one of the ﬁrst proposed phenomenological anisotropic
(orthotropic) yield criteria, and is still nowadays one of the most popular mod-
els used in metal forming applications.
Hill proposed a model based on the generalisation of Mises yield criterion.
Adopting the principal axes of anisotropy as the axes of reference, the criterion
takes the quadratic form
2f(σ) ≡ F (σyy − σzz)2 +G (σzz − σxx)2 +H (σxx − σyy)2
+ 2Lσ2yz + 2Mσ
2
zx + 2Nσ
2
xy = 1 (3.61)
where F , G, H, L, M and N are material constants that describe the current
state of anisotropy. In fact, these can be derived if three tensile yield stresses
in the three principal anisotropy axes and three yield stresses for pure shear
on each of the orthogonal planes of anisotropy are measured. Additionally, it
can easily be noticed that for L = M = N = 3F = 3G = 3H, Equation 3.61
becomes equal to the von Mises criterion for isotropic materials.
For a plane stress state, Hill’s formulation (Equation 3.61) can be expressed
as
2σ¯2 = (G+H)σ2xx + (H + F )σ
2
yy − 2Hσxxσyy + 2Nσ2xy (3.62)
where σ¯ is the equivalent stress and the material parameters can be given in
terms of stress-ratios as:
F =
(
σ¯
σ90
)2
+
(
σ¯
σb
)2
−
(
σ¯
σ0
)2
G =
(
σ¯
σb
)2
+
(
σ¯
σ0
)2
−
(
σ¯
σ90
)2
H =
(
σ¯
σ0
)2
+
(
σ¯
σ90
)2
−
(
σ¯
σb
)2
N =
(
2σ¯
σ45
)2
−
(
σ¯
σb
)2
(3.63)
The material constants deﬁned in Equations 3.63, however, can also be ex-
pressed in terms of r-values,
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F =
2 r0
r90(1 + r0)
(
σ¯
σ0
)2
G =
2
(1 + r0)
(
σ¯
σ0
)2
H =
2 r0
(1 + r0)
(
σ¯
σ0
)2
N =
(r0 + r90)(2 r45 + 1)
r90(1 + r0)
(
σ¯
σ0
)2
(3.64)
where r0, r45 and r90 and the r-values for 0, 45 and 90
◦ from the rolling direc-
tion.
Yld2000-2d
Yld2000-2d yield function was proposed by Barlat et al. [16] to overcome the
limitations associated with the previously suggested formulation Yld96 [15, 22],
which could not ensure convexity and required quite complex ﬁnite element
implementation procedures. It consists of a non-quadratic plane stress yield
function with eight material parameters (four stress-ratios and four r-values),
based on an expansion of the yield criteria introduced by Hershey (1954) [45]
and Hosford (1972) [51] for isotropic materials.
The anisotropic yield function is given by:
φ = φ′ + φ′′ = 2σ¯a (3.65)
with
φ′ = |s1 − s2|a (3.66)
φ′′ = |2s2 + s1|a + |2s1 + s2|a (3.67)
where s1 and s2 are the principal deviatoric stresses and a is a material pa-
rameter. Applying linear transformations to the functions 3.66 and 3.67, the
yield function can be expressed as
φ = φ′(X ′) + φ′′(X ′′) (3.68)
where
φ′ = |X ′1 −X ′2|a (3.69)
φ′′ = |2X ′′2 +X ′′1 |a + |2X ′′1 +X ′′2 |a (3.70)
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X ′i and X
′′
i are the principal values of the linear transformations on the stress
deviators X′ and X′′, which for the anisotropic case are deﬁned as:
X′ = C′ · s =
⎡
⎢⎢⎢⎣
X ′xx
X ′yy
X ′xy
⎤
⎥⎥⎥⎦ =
⎡
⎢⎢⎢⎣
C ′11 C
′
12 0
C ′21 C
′
22 0
0 0 C ′33
⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
sxx
syy
sxy
⎤
⎥⎥⎥⎦ (3.71)
X′′ = C′′ · s =
⎡
⎢⎢⎢⎣
X ′′xx
X ′′yy
X ′′xy
⎤
⎥⎥⎥⎦ =
⎡
⎢⎢⎢⎣
C ′′11 C
′′
12 0
C ′′21 C
′′
22 0
0 0 C ′′33
⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
sxx
syy
sxy
⎤
⎥⎥⎥⎦ (3.72)
These can be expressed in terms of the Cauchy stress tensor σ as
X′ = C′ ·T · σ = L′ · σ (3.73)
X′′ = C′′ ·T · σ = L′′ · σ (3.74)
where
T =
⎡
⎢⎢⎢⎣
2/3 −1/3 0
−1/3 2/3 0
0 0 1
⎤
⎥⎥⎥⎦ (3.75)
The coeﬃcients in L′ and L′′ are expressed as follows:⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
L′11
L′12
L′21
L′22
L′66
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
2/3 0 0
−1/3 0 0
0 −1/3 0
0 2/3 0
0 0 1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
α1
α2
α7
⎤
⎥⎥⎥⎦ (3.76)
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
L′′11
L′′12
L′′21
L′′22
L′′66
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
1
9
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−2 2 8 −2 0
1 −4 −4 4 0
4 −4 −4 1 0
−2 8 2 −2 0
0 0 0 0 9
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
α3
α4
α5
α6
α8
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.77)
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Considering both transformations, in total, eight independent coeﬃcients α1,...,8
are required. Consequently, eight diﬀerent material parameters are necessary.
Barlat et al. [16] considered for the purpose four stress-ratios (σ0, σ45, σ90 and
σb) and four r-values (r0, r45, r90 and rb). The procedure used to calculate
the eight material parameters are given in [16], which is performed using the
Newton–Raphson procedure.
The principal values in Equations 3.69 and 3.70 are then given by
X1 =
1
2
(
Xxx +Xyy +
√
(Xxx −Xyy)2 + 4X2xy
)
(3.78)
X2 =
1
2
(
Xxx +Xyy −
√
(Xxx −Xyy)2 + 4X2xy
)
(3.79)
with the appropriate indices (prime and double prime) for each stress.
3.4 Work Hardening
Work hardening in metals at low temperatures is a result of the dislocation
glide or slip on crystallographic planes and directions [60]. With progressing
deformation of the material, the dislocation slip leads to a gradual lattice ro-
tation, resulting in an increased slip resistance. This increase in slip resistance
during plastic deformation is characterized as the hardening of the material.
Work hardening is usually categorised as isotropic hardening or kinematic
hardening. Isotropic hardening is characterised by an expansion of the yield
surface, maintaining the focal points constant, whereas kinematic hardening is
characterised by a translation of the yield surface. Illustration of the evolution
of the yield stress is represented inf Figures 3.5a and 3.5b for isotropic and kine-
matic hardening, respectively. It has been shown extensively, however, that
these can be coupled in most sheet metals and thus mixed isotropic-kinematic
hardening models are often implemented when both translation and expansion
of the yield surface occurs, as illustrated in Figure 3.5c. Furthermore, it is not
of rare occurrence to observe, in addition to the phenomena already mentioned,
a distortion of the yield surface as depicted by an example in Figure 3.5d. This
phenomenon is called distortional hardening [32].
Conventional isotropic scalar hardening is based on the equivalence between a
linear homogeneous yield function σ¯ = σ¯(σ, β1, . . . , βn) of the stress tensor and
the material constants β1, . . . , βn to a scalar hardening function of the eﬀective
plastic strain σ¯ = σ¯(ε¯p). The ﬁrst, is a function of the material parameters that
can be obtained through experimental tests, such as simple uniaxial (and/or
equal-biaxial) tension tests in diﬀerent directions to the material rolling direc-
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(a) (b)
(c) (d)
Figure 3.5: Schematic representation of yield surface evolution for (a) isotropic
hardening; (b) kinematic hardening; (c) mixed isotrotopic-kinematic hardening; (d)
distortional hardening.
tion, and the stress tensor components. The hardening function is given by
a stress-strain relationship for a given level of plastic deformation determined
by a normalised yield function which is generally described in the form of a
parametric function, such as the following examples:
Holloman σ = K(ε¯p)n (3.80)
Swift σ = K(ε0 + ε¯
p)n (3.81)
Voce σ = A− B e(−Cε¯p) (3.82)
Modiﬁed Voce σ = A− B0 e(−Cε¯p) +B1ε¯p (3.83)
Other empirical formulations are extensively used, however, within this re-
search work only Voce and Swift laws will be used.
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Although scalar isotropic hardening is sometimes considered a fair approxima-
tion under monotonic proportional loading conditions, this model is based on
constant model parameters, i.e., it is assumed that initial anisotropy persists
with evolving deformation. However, this does not reﬂect experimental ob-
servations where texture and anisotropy (and stress-ratios and r-values) vary
with increasing levels of deformation.
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Chapter 4
Literature Review
Challenging the formerly well-established classical theory based on Associated
Flow Rule (AFR) for metal plasticity, Spitzig et al. [88] and Richmond and
Spitzig [87] reported experimental data inconsistent with the AFR requirement
that the pressure dependency of the ﬂow stress arises from an associated plas-
tic dilatancy. The authors performed various tension and compression tests in
which the dependence on the ﬂow stress and on permanent plastic dilatancy
of hydrostatic pressure was evaluated for tempered steels, as well as for alu-
minium alloys. The results showed that, in fact, a linear relationship can be
drawn between the pressure and the yield function, but that the plastic volume
expansion calculated based on the normality rule (AFR) is far from the one
measured.
The inadequacy or incapability of prediction of the anisotropy of metals, such
as aluminium alloys, of using an associated ﬂow rule has also been addressed
by Lademo et al. [61], who evaluated three diﬀerent yield criteria based on
AFR. Lademo and co-workers obtained uniaxial tension experimental data
for AA7108 and AA6063 and compared the yield stress and plastic strain
ratios along diﬀerent material directions to the ones predicted using the criteria
proposed by Hill [47], by Barlat and Liam [20] and by Karaﬁllis and Boyce [58].
They found that the ﬁrst two are only capable of predicting accurately the
stress directionality when its coeﬃcients are calibrated by the experimental
stress ratios, and the r-value directionality when the coeﬃcients are calibrated
by the r-values. Karaﬁllis and Boyce’s model was also incapable of predicting
both anisotropic variables.
As a result of these observations, Stoughton [89] proposed a new model for
sheet metal forming constitutive material modelling, based on a Non-Associated
Flow Rule (Non-AFR), in which the yield surface and plastic potential func-
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tions are deﬁned independently. The model proposed was based on
Hill’s (1948) [46] formulations where the yield function was calculated based on
experimental yield stress ratios and the plastic potential based on the plastic
strain ratios. Stoughton [89] and Stoughton and Yoon [91, 92] reviewed the
key arguments for AFR and reasons that, even though it has been proven to
be a suﬃcient condition for plastic ﬂow stability and uniqueness of the stress
states, it has not been proven to be a necessary condition. In fact, they demon-
strated that the Non-AFR model proposed satisﬁed the fundamental theorems
on which AFR stands, and, resulted in accurate prediction of both yield stress
and plastic strain ratios of steel and aluminium alloys under uniaxial and
equal-biaxial proportional loading.
Subsequently, Stoughton and Yoon [90, 91] developed, based on the above
mentioned model, one that incorporates pressure sensitivity of the yield stress
in the yield criterion, which, again, was proved to satisfy the same stability cri-
teria and uniqueness theorems that are satisﬁed by the models based on AFR.
The authors implemented a material model in FEM and observed good agree-
ment of the r-values and stress directionalities to the experimental uniaxial
tension data along 0, 45 and 90◦ from the rolling direction. The most accurate
predictions between the predicted and experimental results correspond to the
data input in the model, which suggests that a more complex model, based on
non-quadratic formulations, that includes a larger set of experimental input is
likely to improve the accuracy .
Focusing on earing prediction resulting from deep-drawing, the anisotropic
yield criterion proposed by Hill [46] has been extensively used in cup drawing
simulations. During the last two decades, more sophisticated yield criteria have
been developed [11, 12, 15, 19–22, 29, 36, 41, 58, 119]. Several studies have
been conducted using Finite Element technology on the earing phenomena of
anisotropic materials prediction over the past years. Chung and Shah [35] and
Yoon et al. [116] simulated cup drawing of an aluminium 2008-T4 sheet alloy
based on Barlat et al. [19] model (called Yld91) and Barlat’s strain rate poten-
tial [18] (called Srp93) and predicted the formation of four ears in good agree-
ment with experimental results. Yoon et al. [112] presented extensive tension
and compression data for AA2090-T3 with initial back stress and implemented
Yld96 [15] for ﬁnite element method based on Euler Backward method. Hu
et al. [54] have studied thoroughly the inﬂuence of anisotropy coeﬃcients on
the earing proﬁle and its evolution by considering three diﬀerent yield crite-
ria Hill (1948) [46], Yld89 [20] and Gotoh’s [43, 44]. Soare et al. [85] carried
out a comparative study of three criteria Hill (1948) [46], Yld96 [22], and
CB2001 [29], through numerical simulations of AA2090-T3 sheet deep draw-
ing, and obtained better earing proﬁle predictions using the latter. Yoon et
al. [113] implemented the yield function proposed by Barlat et al. (Yld2000-
2d) [16], in cup drawing simulations for earing prediction. However, it was
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shown that these formulations were not suitable for the prediction of more
than four ears. Yld2004-18p was later developed by Barlat et al. [14] and used
for aluminium alloy modelling in cup drawing simulations by Yoon et al. [114]
who established the capability of this anisotropic model to predict six and
eight ears. Vrh et al. [104, 105] veriﬁed the capability of BBC2008 [36] yield
criterion to predict six and eight ears during FE simulations of cup drawing,
requiring 16 material parameters.
Essentially, experimental and theoretical studies have proved the existence of
a direct relationship between the in-plane anisotropy coeﬃcients of the sheet
metal and the number of ears formed during cup drawing. Even though a
large part of the observed cup drawing processes originate four ears, highly
anisotropic sheet metal materials can originate up to eight ears. Prediction
of eight ears can only be achieved with yield criteria that use at least eight
material parameters [115].
Only during the last decade more attention has been paid to Non-AFR based
models in metal plasticty and several formulations based on Non-AFR have
been implemented into FEA and simulated earing prediction of cup drawing
processes. Cvitanic et al. [37] showed a full description of equivalent plastic
strain using yield function and plastic potential under Non-Associated Flow
and compared Hill (1948) [46] with Karaﬁllis-Boyce [58] in a circular cup
drawing process and found signiﬁcant improvements in earing prediction with
Karaﬁllis-Boyce. Yoon et al. [111] compared the accuracy of Hill (1948) and
Yld2000-2d formulations based on Non-AFR to Yld20004-18p based on AFR,
the predicted earing proﬁles were compared to experimental data. It was
shown that the simulation using Non-AFR Yld2000-2d led to the best agree-
ment between theoretical and experimental results. Park and Chung [73] de-
veloped a formulation based on Non-AFR Hill (1948) and Yld2000-2d under an
isotropic-kinematic hardening framework [33] and performed FE simulations of
cup drawing of AA2090-T3 and AA5042 sheets, with best predictions resulting
from Yld2000-2d model and in good agreement with experimental data. Safaei
et al. [82] also performed cup drawing simulations with AA2090-T3, the con-
stitutive modelling was based on Non-AFR Hill (1948) and Yld2000-2d, this
turn combined with a mixed-hardening and, like Yoon et al. [111], observed
that a same order of accuracy with Yld2004-18p can be obtained.
Analytical models for prediction of earing proﬁle have concurrently been in-
vestigated [23, 31, 34, 53, 67, 86, 114, 115] as well as polycrystalline mod-
els [63, 77, 79–81]. Simulations of cylindrical cup drawing have also been
carried out using strain rate potentials proposed by Barlat et al. [18] (called
Srp93) by Yoon et al. [116] and Chung et al. [34]. Rabahallah et al. [78] also
reported comparative results referring to the earing prediction with several
strain-rate potentials (Srp 1993 [18], Quantus [6], Srp 2004 [17]). However,
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throughtout this thesis focus will be placed in phenomenological constitutive
material models.
Isotropic hardening is often considered to give a good approximation in sheet
metal forming processes under proportional loading and therefore, a great part
of the FE simulations have been based on anisotropic yield criteria assuming
isotropic hardening. However, while these can give a good approximation in
metal forming applications, the systematic errors resulting from the diﬀerences
in the rate of hardening between uniaxial and biaxial loading, can become
signiﬁcant, namely in predictions of phenomena such as springback and earing.
Stoughton and Yoon [93] proposed a distortional hardening model available
under a Non-Associated Flow Rule framework for sheet metal forming based
on Hill (1948), generalising the isotropic scalar concept for anisotropic scalar
hardening. The proposed model not only eliminates the increasing hardening
rates between biaxial and uniaxial loading, but also results in a major reduc-
tion of the systematic errors in other loading conditions of the magnitude of
predicted stresses when compared to an isotropic hardening approach. The
model proposed by Stoughton and Yoon [93] was brought to overcome previ-
ously proposed models based on anisotropic scalar hardening [1, 2, 4, 76] for
which the yield function is dependent on the interpolation function for hard-
ening responses in the directions other than one selected for normalisation, as
well as AFR limitations.
Stoughton and Yoon [93] carried out simple uniaxial tension tests as well
as equal-biaxial tension tests numerically based on a model in which both
yield and plastic potential functions were deﬁned using Hill (1948) criteria.
The results obtained by the authors showed that the implementation of the
anisotropic distortional hardening formulations led to noticeably more accu-
rate stress-strain curves than the counterpart isotropic hardening model, as
much as an order of magnitude. In Figure 4.1 the yield surface shape evo-
lution for AA5182 aluminium alloy predicted with the anisotropic hardening
model proposed by Stoughton and Yoon [93] is illustrated for selected levels of
plastic work. Whereas for the stress states in the ﬁrst and third quadrants of
the diagram there is no evidence of saturation, for stress states in the second
and fourth quadrants a strong saturation can be detected.
Yoon et al. [109, 110] have investigated the eﬀects of consideration of anisotropy
evolution based on linear interpolation of the anisotropy coeﬃcients on the
accuracy of earing predictions during cup drawing by implementing the yield
criteria Yld2000-2d [16] and CPB06x [75]. The authors showed that even if
anisotropy evolution is neglected, the number of ears (eight) were predicted,
nonetheless, improved accuracy could be achieved when directional hardening
is assumed.
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Based on a Non-AFR elasto-plastic constitutive model, Taherizadeh et al. [95,
96] implemented an anisotropic model combined with isotropic–nonlinear kine-
matic hardening, which was deﬁned by the nonlinear Armstrong-Frederick
model [7]. The authors performed numerical simulations of a cylindrical cup
drawing processes, however, they found that the earing proﬁles obtained from
diﬀerent hardening regimes (pure isotropic or mixed isotropic-nonlinear kine-
matic) were almost identical. Safaei et al. [83] proposed the implementation
into a Yld2000-2d Non-AFR based constitutive model, of a fourth order poly-
nomial function to describe distortional hardening and veriﬁed that this leads
to great improvement in predicting r-value and yield stress directionalities as
opposed to when only initial anisotropy is considered.
Very recently, Taherizadeh et al. [97] have implemented the anisotropic distor-
tional hardening model into a Hill (1948) Non-AFR based material constitu-
tive model, combined with non-linear kinematic hardening. The authors also
veriﬁed that using the anisotropic hardening model, the stress-strain curve
predictions for the directions explicitly deﬁned in the yield criterion were ac-
curately predicted. Additionally, the authors performed numerical simulations
of deep drawing of a channel with diﬀerent drawbead conﬁgurations and the
subsequent springback of the channel section. Taherizadeh et al. observed that
a better accuracy in springback predictions was achieved when anisotropic dis-
tortional hardening was combined with nonlinear kinematic hardening models,
and thus, conﬁrmed that, as Stoughton and Yoon [93] had suggested, even
though the anisotropic hardening model proposed was based on proportional
loading, it can eﬀectively improve prediction of springback under complex
loading conditions.
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Figure 4.1: Yield surface evolution for AA5182-O with Voce law hardening using an
anisotropic hardening model under Hill (1948)’s Non-Associated Flow Rule [93].
Chapter 4 Mariana Paulino Santos 40
Chapter 5
Methodology
5.1 Non-Associated Flow Rule
Given that in Non-Associated Flow Rule based models two separate functions
can be adopted for yield and plastic potential, there is no theoretical constraint
to which models are used to describe each of them. In this work, the ﬂexible
combination of two diﬀerent yield criteria as yield function and plastic poten-
tial under Non-AFR is proposed and evaluated for earing prediction. Finite
Element simulations were carried out so as to verify the accuracy of the ma-
terial directionalities predicted using these constitutive material models. Cup
drawing process simulations were conducted for two aluminium alloys – 5019A-
H48 and AA2090-T3 – and the earing proﬁles from Non-AFR are compared
to experimental data and to Yld2004-18p based on AFR predictions.
A User deﬁned MATerial model (UMAT) subroutine was developed for a com-
mercial Finite Element (FE) software, LS-DYNA, for the implementation of
an anisotropic constitutive model based on Non-AFR. This material model
allows for the deﬁnition of both the yield function and plastic potential based
on the diﬀerent criteria, Hill (1948) and Yld2000-2d. The input parameters
required include the anisotropic coeﬃcients (for plane stress conditions) of F ,
G, H and N for Hill (1948) and α1−8 for Yld2000-2d which will be given in
the subsequent sections. A multi-step return mapping algorithm was imple-
mented within the stress integration in FE Analysis as proposed by Yoon et
al. [117, 118], which will also be described in the ensuing sections.
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5.1.1 Constitutive Equations for Non-Associated Flow
Rule
The new class of models covered in this work diﬀers from the classical plastic-
ity approach, Associated Flow Rule, only on the assumption that the plastic
potential and the yield function are equal (see Section 3.2). In Non-Associated
Flow Rule, the equality is Equation 3.37, even though possible, is not a re-
quired condition. Therefore, it can be said that the AFR can be regarded as
a special case of the Non-AFR.
It is assumed that the yield and plastic potential functions are speciﬁed and are
continuous so that their gradients can be explicitly calculated and expressed
in terms of the stress tensor components and adequate material parameters.
For convenience, the gradients for the yield and the potential functions will be
symbolically represented with the vector form
y =
∂σ¯y
∂σ
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
∂σ¯y
∂σ11
∂σ¯y
∂σ22
∂σ¯y
∂σ12
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
and p =
∂σ¯p
∂σ
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
∂σ¯p
∂σ11
∂σ¯p
∂σ22
∂σ¯p
∂σ12
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.1)
respectively. σ is deﬁned as σ = [σ11 σ22 σ12]
ᵀ, since only plane stress com-
ponents are considered in this study for shell elements. Whereas the model
parameters for the plastic potential are deﬁned in terms of a set of plastic
strain ratios (r-values) under proportional loading, the model parameters for
the yield function are given in terms of a set of initial yield stresses under
diverse loading conditions. The anisotropy parameters and how they can be
obtained is explained in detail in Section 3.3.
It is assumed that the material work hardens under plastic deformation follow-
ing a speciﬁed stress-strain relation, which is function of the eﬀective plastic
strain, such as an exponential (Voce [101]) or a power (Swift [94]) law (Note
that, even though Equation 3.35 only applies to positive work hardening ma-
terials, this is only required for ﬁnite levels of eﬀective plastic strain. The use
of Voce hardening law is still allowed since it only has zero work hardening at
the limit of inﬁnite plastic strain.). The rate of change of this relation under
plastic deformation ensues from the plastic deformation deﬁnition implied by
Equation 3.35,
yᵀσ˙ = h ˙¯εp (5.2)
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where h = dρ
dε¯p
represents the slope of the stress-strain curve.
The conventional boundary problem in Finite Element Analysis in metal form-
ing simulation involves the analysis of a small volume of the material body,
under a known stress state and for a known deformation history. This defor-
mation history provides characterisation of the accumulated plastic damage
by deﬁning the equivalent plastic strain ε¯p. The most common boundary con-
dition in metal forming simulation is displacement driven, which deﬁnes the
total strain rate tensor ε˙ for each element. This is the basis for most com-
mercial ﬁnite element codes used by the metal forming industry. Hence, the
problem is to uniquely determine the associated stress rate tensor, decompose
the total strain rate into elastic and plastic components, calculate the eﬀective
plastic strain rate, and, ﬁnally, integrate all of these variables over a suﬃciently
small time interval applying a time integration scheme, such as Euler method.
This procedure is then repeated for successive speciﬁed time increments. The
ﬁrst step in this boundary value problem is to determine if the deformation
is purely elastic or elastic-plastic, which is done by verifying the conditions in
Equation 3.35.
Assuming isotropic linear elasticity and additive decomposition of the strain
tensor into elastic and plastic components, the total strain rate is given by
ε˙ = ε˙e + ε˙p (5.3)
where ε˙e and ε˙p are the elastic and plastic strain components, respectively;
the elastic component is deﬁned by the hypo-elastic model as
ε˙e = C−1 : σ˙ (5.4)
in which the fourth order symmetric tensor C−1 ≡ C−1ijkl is the inverse of
constitutive elasticity tensor Cijkl and is invertible.
Retaining the yield conditions in Equation 3.35, and deﬁning a control param-
eter Hep set to Hep = 0 if the deformation is pure-elastic and set to Hep = 1
otherwise, they can be reformulated,
σ¯(σ) < ρ(ε¯p) then Hep = 0
σ¯(σ) = ρ(ε¯p) and yᵀCε˙ ≤ 0 then Hep = 0 (5.5)
σ¯(σ) = ρ(ε¯p) and yᵀCε˙ > 0 then Hep = 1
Additionally, a constraint applies under elastic-plastic deformation between
the stress tensor and the eﬀective plastic strain, as follows,
σ¯y(σ) = ρ(ε¯
p). (5.6)
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To ensure that this constraint is valid under subsequent work hardening or
plastic deformation, the equality must also apply to the diﬀerential form.
Therefore, the time derivative of Equation 5.6 is enforced during all modes
of plastic deformation (i.e., for Hep = 1),
˙¯σy(σ) = ρ˙(ε¯
p) (5.7)
where
˙¯σy(σ) =
dσ¯y
dt
=
∂σ¯y
dσ
∂σ
dt
=
∂σ¯y
∂σ
σ˙ (5.8)
and
˙¯σy(ε¯
p) =
dσ¯y(ε¯
p)
dt
=
dσ¯y
dε¯p
dε¯p
dt
=
dσ¯y
dε¯p
˙¯εp = h ˙¯εp. (5.9)
The rate of change of the eﬀective plastic strain can thus, provided the slope
h = dρ
dε¯p
is non-zero, be deﬁned in terms of the rate of change of the stress
tensor and the gradient of the yield function,
˙¯εp =
1
h
∂σ¯y
∂σ
σ˙ (5.10)
Additionally, as it has been shown for AFR (Section 3.2), the eﬀective plastic
strain rate can be obtained by integrating the plastic strain rate from the
ﬂow rule given for plastic deformation. A generalisation for the ﬂow rule in
Equation 3.36 can be formulated
ε˙p = Hep ˙¯ε
p∂σ¯p
∂σ
for Hep = (0, 1) (5.11)
which results in ε˙p = 0 for pure-elastic deformations (Hep = 0).
Combining Equations 5.10 and 5.11, the rate of change of the plastic strain
tensor can be related to the rate of change of the stress tensor,
ε˙ = Hep
1
h
pyᵀσ˙, (5.12)
where use is made of the shorthand notation for the gradient tensors of the plas-
tic potential and yield functions deﬁned in Equation 5.1. The rate of change of
the total strain can, therefore, be obtained by combining Equation 5.12 with
the deﬁnition for the rate of change of the elastic component of the strain
tensors derived from the additive decomposition given in Equation 5.3,
ε˙ = ε˙e + ε˙p =
(
C−1 +Hep
1
h
pyᵀ
)
σ˙ (5.13)
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and the inverse relation can be written as
σ˙ =
(
C− Hep
h+ pᵀCy
Cp⊗Cy
)
ε˙. (5.14)
All the required formulations for the evolution of the state variables for dis-
placement or strain-controlled boundary conditions have been thus far speci-
ﬁed. This is the most common boundary condition in metal forming simula-
tions and is the basis for most commercial ﬁnite element codes used in this
industry, such is the case for most simulations run throughout this dissertation.
However, if mixed boundary conditions are applied maximum load instabilities
are likely to occur in the limit, that in turn will result in actual material
instabilities. When the change of the stress tensor is given, the yield condition
given in Equation 5.5 is equivalent to:
σ¯(σ) < ρ(ε¯p) then Hep = 0
σ¯(σ) = ρ(ε¯p) and yᵀσ˙ ≤ 0 then Hep = 0 (5.15)
σ¯(σ) = ρ(ε¯p) and yᵀσ˙ > 0 then Hep = 1
Retaining the formulation for the total strain rate tensor given in Equation 5.3,
and combining it with Equation 5.2, we can decompose it into elastic and
plastic components. The rate of change of the eﬀective plastic strain is
˙¯εp =
(
Hep
h
)
yᵀσ˙. (5.16)
5.2 Anisotropic Hardening
The Non-Associated Flow Rule models described in the previous section can,
in fact, give an accurate description of the initial anisotropy of the sheet metal
as will be shown later on. This comes directly from the fact that the material
coeﬃcients used in both formulations implemented, Hill (1948) and Yld2000-
2d, for both yield and plastic potential can be based on the stress ratios. When
the yield stress ratios σ0/σ0, σ45/σ0, σ90/σ0 and σb/σ0 (normalised to rolling
direction σ¯ = σ0) are used within Hill (1948), for example, the work hardening
curve prediction along the reference direction, 0◦ (or rolling direction) is ex-
pected to be an exact match as well as the yield points of the hardening curves
for 45◦ and 90◦ from the rolling direction and for the equal biaxial loading.
However, diﬀerences in the rate of work hardening with diﬀerent directions
and loading conditions have been widely reported. While signiﬁcantly more
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pronounced between uniaxial and biaxial loading, these are still of signiﬁcance
for uniaxial loading in diﬀerent directions. To illustrate this let us examine
the stress-strain curves, in Figure 5.1, predicted for AA2090, and in Figure 5.2
for AA5042, using the constitutive model proposed in this thesis based on
Non-AFR using Hill (1948) and Yld2000-2d for the yield and plastic potential
functions, respectively. Whereas the stress-strain curve for the uniaxial tension
along the rolling direction (0◦) is an exact match to its original Swift hard-
ening law throughout plastic strain values up to 0.4, the results along other
directions match the initial values perfectly but start diverging immediately
after. Additionally, the divergence in equal biaxial conditions is usually even
more pronounced [93].
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Figure 5.1: AA2090-T3 Swift law hardening curves, ﬁtted to experimental data,
and stress-strain curves predicted numerically using a Non-AFR constitutive model
assuming isotropic hardening.
In this Chapter, the distortional hardening model proposed by Stoughton and
Yoon [93] is implemented into a UMAT and available in conjunction with
the Non-AFR formulations proposed. Furthermore, the model was gener-
alised in order to be used with Yld2000-2d plastic potential formulations.
Hence, in the following Sections the formulations for Non-AFR models based
on anisotropic hardening will be detailed, using both quadratic (Hill (1948))
and non-quadratic (Yld2000-2d) forms for the yield and plastic potential func-
tions, respectively. Subsequently, the materials characterisation of three dif-
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ferent aluminium alloys will be followed by the veriﬁcation of the implemented
model through single element uniaxial and equal biaxial tension FE tests. As
a result, the constitutive model will be used for describing the behaviour of an
aluminium sheet blank in a cup drawing operation and the ﬁnal earing proﬁle
will be compared to experimental data. Finally, the accuracy of the predicted
proﬁle and improvement relative to a model based on isotropic hardening will
be discussed.
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Figure 5.2: AA5042 Voce law hardening curves, ﬁtted to experimental data, and
stress-strain curves predicted numerically using a Non-AFR constitutive model as-
suming isotropic hardening.
5.2.1 Constitutive Equations for Anisotropic Hardening
Recollecting the deﬁnitions in Classical Plasticity Theory given in Chapter 3,
the plastic potential is used in the ﬂow rule to determine the plastic strain
tensor rate of change
ε˙p = ˙¯εp
∂σ¯p
∂σ
(5.17)
where the proportionality (or plastic compliance) factor is responsible for the
magnitude of the rate change. Since the plastic potential is a linear homoge-
neous function of the stress, it follows that the rate of plastic work is equal to
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the product of the magnitude of the plastic potential and the plastic compli-
ance factor
w˙p = σε˙
p = σ ˙¯εp
∂σ¯p
∂σ
= ˙¯εpσ¯p(σ) (5.18)
Although it is not necessary to explicitly deﬁne the compliance factor for im-
plementation in ﬁnite element analysis, it is useful to note that the quadratic
form of the plastic potential, with the ﬂow rule, also leads to a speciﬁc deﬁni-
tion of the plastic compliance factor in terms of the parameters of the plastic
potential and the components of the plastic strain rate tensor.
Although the Non-AFR model described in this thesis will be shown to be
capable of describing the anisotropy of strain-ratios and yield stresses, it is
not capable of describing the eﬀects of anisotropic hardening, as depicted in
Figures 5.1 and 5.2 due to the fact that hardening is controlled by a single
function of the compliance factor.
Recalling the yield function deﬁned in Section 3.3 for Hill (1948) formulation
for plane stress conditions, it can be expressed as follows
2fy(σ) ≡ (G+H)σ211 + (F +H)σ222 − 2Hσ11σ22 + 2Nσ212 = 1 (5.19)
where F , G, H and N are the anisotropic constants determined from the initial
yield stress ratios σ0, σ45 and σ90, in uniaxial tension at 0, 45 and 90
◦ to the
rolling direction, and σb, which is the yield stress under equal-biaxial tension
loading.
The solution proposed by Stoughton and Yoon [93] consists of explicitly re-
placing the initial yield stresses that deﬁne Hill (1948) anisotropy coeﬃcients,
σ0, σ45, σ90 and σb by independent yield functions, σ0(ε¯
p), σ45(ε¯
p), σ90(ε¯
p) and
σb(ε¯
p), respectively. The anisotropic parameters are thus, deﬁned as follows,
F =
(
σ¯
σ90(ε¯p)
)2
+
(
σ¯
σb(ε¯p)
)2
−
(
σ¯
σ0(ε¯p)
)2
G =
(
σ¯
σb(ε¯p)
)2
+
(
σ¯
σ0(ε¯p)
)2
−
(
σ¯
σ90(ε¯p)
)2
H =
(
σ¯
σ0(ε¯p)
)2
+
(
σ¯
σ90(ε¯p)
)2
−
(
σ¯
σb(ε¯p)
)2
N =
(
2σ¯
σ45(ε¯p)
)2
−
(
σ¯
σb(ε¯p)
)2
(5.20)
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Consequently, by expanding the coeﬃcients deﬁned in Equation 5.20 within
Equation 5.19, the yield function can be expressed by
fy(σ, ε¯
p) ≡
(
σ11
σ20(ε¯
p)
− σ22
σ290(ε¯
p)
)
(σ11 − σ22) + σ11σ22 − σ
2
12
σ2b (ε¯
p)
+
4σ212
σ245(ε¯
p)
(5.21)
In a similar fashion to the yield criterion for isotropic hardening, the constitu-
tive equation in this model is constrained by
fy(σ, ε¯
p) ≤ 1 (5.22)
Additionally, the deformation is unequivocally deﬁned to be elastic-plastic if
and only if
fy(σ, ε¯
p) = 1 (5.23)
and
∂fy(σ, ε¯
p)
∂σ
dσ
dt
> 0. (5.24)
If Equations 5.23 and 5.24 are satisﬁed the compliance factor determining the
magnitude of the plastic strain increase in the ﬂow rule is deﬁned by using
Equation 5.23 as a constraint of the deformation, i.e.,
γ˙ = ˙¯εp =
1
hˆ
∂fy(σ, ε¯
p)
∂σ
dσ
dt
> 0 (5.25)
with
hˆ = −dfy(σ, ε¯
p)
dε¯p
≡2
(
h0
σ11
σ20(ε¯
p)
− h90 σ22
σ290(ε¯
p)
)
(σ11 − σ22)
+ 2
(
hb
σ11σ22 − σ212
σ2b (ε¯
p)
+ h45
4σ212
σ245(ε¯
p)
) (5.26)
where
hθ =
1
σθ(ε¯p)
dσθ(ε¯
p)
dε¯p
, hb =
1
σb(ε¯p)
dσb(ε¯
p)
dε¯p
, (5.27)
for θ = 0, 45, 90◦.
The constitutive equation governing elastic-plastic deformation is therefore
given by
σ˙ = Cε˙−
C
∂σ¯p(ε¯
p)
∂σ
hˆ+
(
∂fy(σ, ε¯
p)
∂σ
)ᵀ
C
∂σ¯p(σ)
∂σ
(
∂fy(σ, ε¯
p)
∂σ
)ᵀ
Cε˙ (5.28)
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Note the similarity of form to the constitutive equation for the stress strain
rate for isotropic hardening.
The compliance factor deﬁned in Equation 5.25 can be combined with Equa-
tion 5.28 in order to express it in terms of the total strain rate tensor as
follows,
˙¯εp =
[
hˆ+
(
∂fy(σ, ε¯
p)
∂σ
)ᵀ
C
∂σ¯p(σ)
∂σ
]−1(
∂fy(σ, ε¯
p)
∂σ
)ᵀ
Cε˙. (5.29)
Even though the model described here is valid only for plane stress conditions
under proportional loading, it can be extended to full stress conditions with
additional stress components [93].
Model Calibration
Implementation of distortional hardening into the constitutive models pro-
posed in the previous section, requires additional experimental data: coeﬃ-
cients of the hardening curves along three additional directions. While the
Non-AFR based model implemented earlier required only the hardening curve
along one direction (the reference direction, σ¯), because it assumed isotropic
hardening, distortional hardening will require the four yield functions, σ0(ε¯
p),
σ45(ε¯
p), σ90(ε¯
p) and σb(ε¯
p).
Whether the work hardening law is of exponential type or power type, in the
studied cases, it it will be translated into a total of nine additional parameters.
For example, the yield functions for Voce hardening law along the four diﬀerent
directions θ are given by:
σ0 = A0 − B0 exp(−C0 ε¯p)
σ45 = A45 − B45 exp(−C45 ε¯p)
σ90 = A90 − B90 exp(−C90 ε¯p) (5.30)
σb = Ab − Bb exp(−Cb ε¯p)
where Aθ, Bθ, Cθ, for (θ = 0, 45, 90
◦) and Ab, Bb, Cb (for equal-biaxial loading)
make a total of 12 hardening parameters (9 more parameters than for the
constitutive model assuming isotropic hardening). The hardening parameters
for the directions rotated by 15◦ increments from the rolling direction, as well as
the equal-biaxial hardening curve parameters will be deﬁned and the respective
hardening curves of true stress as a function of plastic stress are drawn in
Section 5.4 for AA2090-T3. However, the yield functions used in Equation 5.21
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are deﬁned in terms of the compliance factor, as opposed to the magnitude of
the true plastic strain.
Equation 5.18 implies, however, that a relationship between the plastic strain
tensor and compliance factor can be derived. Thus, calibration of the consti-
tutive model can be done by deﬁning the transformation necessary from raw
data to the form used in the model as it will be described below.
The true stress components for uniaxial tension along a given angle θ to the
rolling direction are given explicitly by⎡
⎢⎢⎢⎣
σ11
σ22
σ12
⎤
⎥⎥⎥⎦ = σθ
⎡
⎢⎢⎢⎣
cos2 θ
sin2 θ
cos θ sin θ
⎤
⎥⎥⎥⎦ . (5.31)
Recalling Equation 5.17, the plastic strain rate ε˙pθ can be projected along the
direction θ as
ε˙pθ(γ) = ε˙
p
11 cos
2 θ + ε˙p22 sin
2 θ + 2ε˙p12 cos θ sin θ (5.32)
and the plastic strain can be obtained in terms of the compliance factor by
integration of ε˙pθ(γ),
εθ(γ) = ε¯
p
(
∂σ¯p
∂σ11
cos2 θ +
∂σ¯p
∂σ22
sin2 θ + 2
∂σ¯p
∂σ12
cos θ sin θ
)
(5.33)
The directional yield functions in Equation 5.21 can now be deﬁned in terms
of the plastic compliance factor, σθ(ε¯
p). For a Voce law ﬁtted curve,
σθ = Aθ − Bθ exp(−Cθεθ) (5.34)
with the coeﬃcients Aθ, Bθ and Cθ deﬁned in Section 5.4 for the diﬀerent
directions.
Similarly, an identical type of transformation is necessary for equal biaxial
loading. The ﬁtted curve for biaxial loading σb = σb(εb) was obtained from a
ﬁt of the true stress as a sum of the in-plane plastic strains as εb = ε11 + ε22.
The stress tensor components are, thus, deﬁned by⎡
⎢⎢⎢⎣
σ11
σ22
σ12
⎤
⎥⎥⎥⎦ = σb
⎡
⎢⎢⎢⎣
1
1
0
⎤
⎥⎥⎥⎦ (5.35)
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and a plastic strain rate given by
ε˙pb = ε˙
p
11 + ε˙
p
22. (5.36)
Hence, for the equal biaxial loading case, the plastic strain is given by the
following
εb = ε¯
p
(
∂σ¯p
∂σ11
+
∂σ¯p
∂σ22
)
(5.37)
and the yield function, when deﬁned by a Voce law will simply assume the
formulation
σb = Ab − Bb exp(−Cbεb). (5.38)
Stoughton and Yoon [93] combined the present distortional hardening formula-
tions with a Hill (1948) Non-AFR based model. In this study, in addition to a
Hill (1948)’s Non-AFR based constitutive model, a combined model has been
implemented with a Non-AFR constitutive model with the yield function by
Hill (1948) and plastic potential by Barlat’s plane stress model Yld2000-2d.
5.3 Numerical Implementation
Given the non-linearity intrinsic to plastic behaviour, the constitutive models
require the integration of the constitutive equations along an assumed defor-
mation path, for each individual integration point of a continuum medium.
These constitutive models are mostly formulated in rate-type formulations for
most rate-independent elastic-plastic materials.
The integration method can aﬀect signiﬁcantly the results of numerical simu-
lations of sheet metal forming processes, and lead to more or less eﬃcient and
accurate solutions or struggle to converge to the solution. Various schemes
have been proposed for numerical stress integration, the most popular is the
so called predictor-corrector method or return mapping algorithm, ﬁrstly in-
troduced by Wilkins [106]. This method comprises the two consecutive pro-
cedures: prediction and the corrector phase, as suggested by its designation.
The prediction consists in the estimation of a purely elastic trial stress. If
the estimated trial stress does not satisfy the consistency condition (i.e., the
trial stress state ”falls” outside the yield surface), then it is followed by the
correction phase, during which a return mapping algorithm is applied in order
to restore consistency.
The assumption of the deformation path required for stress integration algo-
rithms can follow indeﬁnite criteria. Ortiz and Pinsky [70] and Ortiz et al. [71]
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applied the closest point projection method, for plane stress conditions. A cut-
ting plane approach was later developed by Ortiz and Simo [72]. More recently,
Yoon et al. [117, 118] proposed a multi-stage return mapping algorithm based
on incremental deformation theory, which follows the minimum plastic work
path.
For implementation in FE analysis of the elasto-plastic constitutive material
model, a semi-explicit (forward Euler) method using the multi-stage return
mapping algorithm proposed by Yoon et al. [116] based on the incremen-
tal deformation theory and minimum plastic work principle, was used. This
methodology is based on a predictor-corrector scheme for integration of the
constitutive equations over a speciﬁed time increment. A purely elastic trial
stress state is initially predicted. If this falls outside the yield surface, i.e.,
σ¯y(σ) > ρ(ε¯
p), the corrector phase is enforced to assure that the consistency
condition in Equation 5.7 is satisﬁed. However, coming to a solution can be
diﬃcult numerically if the deformation is not small. Thus, an iterative proce-
dure controlled by a potential residual is involved. This method is applicable
to non-quadratic yield functions and general hardening laws, and was therefore
considered appropriate for the current frame of work.
Because considering distortional hardening comes as an option in the UMAT
subroutine implemented into LS-DYNA, the formulations assuming isotropic
hardening will be introduced ﬁrst, and the modiﬁcations related to distortional
hardening will be presented as a segue.
It should also be noted that within the user deﬁned material model platform
provided by LS-DYNA, rotation of the anisotropic coordinate system axes is
performed before and after the subroutine is called and the local coordinate
system is used inside the UMAT subroutine.
For the Non-AFR, the plastic strain increment Δε¯p is obtained from the plastic
potential σ¯p as
Δεp = Δε¯p
∂σ¯p
∂σ
(5.39)
where Δε¯p is the equivalent plastic strain increment. In order to get the plastic
strain increment Δεp, the incremental deformation theory was applied based
on the material embedded coordinate system. The plastic strain increment is
hence obtained by solving a set of nonlinear equations for the unknown equiv-
alent plastic strain increment Δε¯p, that ensure that stresses calculated remain
on the hardening curve. All kinematics variables and stresses are subsequently
updated, at the end of each step.The nonlinear equations to solve for Δε¯p are
the following:
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σ¯y(σn +Δσ) = ρ(ε¯n +Δε¯p) (5.40)
Δσ = C(Δε−Δεp) (5.41)
Δεp = Δε¯p
∂σ¯p
∂σ
(5.42)
Moreover, in incremental deformation theory, it can be stated that Δε¯p = γ,
or
Δε¯p =
σ : Δεp
σ¯p(σ)
=
σ : γ ∂σ¯p
∂σ
σ¯p(σ)
=
γσ¯p(σ)
σ¯p(σ)
= γ (5.43)
where σ¯p is a ﬁrst order homogeneous function and σ¯p = σ
∂σ¯p
∂σ
, and γ is
designated as plastic multiplier. This stipulation is useful when the eﬀective
stress’s conjugate eﬀective strain is not explicitly deﬁned with respect to the
plastic deformation tensor, as in many non-quadratic yield criteria. Note that
in the forward Euler method, the plastic ﬂow direction is evaluated at the
previous iteration, and therefore, the plastic multiplier is the only unknown
during each plastic correction stage.
The condition that guarantees that the updated stress stays on the work-
hardening curve can be transformed into the following form:
F (γ) = σ¯y(σ
ᵀ − γCp)− ρ(ε¯pn + γ) = 0 (5.44)
where
σᵀ = σn +CΔε. (5.45)
Equation 5.44 is a nonlinear equation to solve for γ using the multi-step return
mapping algortithm. For sub-step k, the nonlinear equation is modiﬁed with
the given residual as follows:
F (γ(k)) = σ¯y(σ
ᵀ − γ(k)Cp(k))− ρ(ε¯pn + γ(k)) = F(k) (5.46)
with
F (γ(0) = 0) = F(0),{
F(k) | F(0) > F(1) > · · · > F(k) > · · · > F(N)
(
F(N) = 0
)
, k = 0 ∼ N} ,
ΔF = (Fk−1 − Fk) < σ¯y (5.47)
where ΔF and Fk=1∼(N−1) are prescribed values. As shown in Equation 5.46,
the direction of the ﬁrst sub-step p(1) is estimated from the direction p(0),
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which is normal to the yield surface at the trial stress σᵀ. Then, the exact
direction p(1) can be obtained from the ﬁrst sub-step of the nonlinear solution
based on Euler forward method. After solving for the ﬁrst the sub-step, the
new direction for the second sub-step p(2) is estimated from the direction
p(1) based on the ﬁrst sub-step stress σ(1)
(
= σᵀ − γ(1)Cp(1)
)
. This procedure
ends when F = FN(= 0). Finally, the proportional logarithmic plastic strain
remains normal to the yield surface at the ﬁnal stress σ(n+1), i.e,
Δεp = Δε¯p
∂σ¯p
∂σ(n+1)
(≡ γ(N)p(N)) . (5.48)
Therefore, the normality condition of the incremental deformation theory is
satisﬁed at the current state (n+1). The iteration procedure for the k-th step
is given below using the following relationships:
Φ(γ(k)) = σ¯y(σ
ᵀ − γ(k)Cp(k))− ρ(ε¯pn + γ(k))− F(k) = 0 (5.49)
with
σ(k) = σ
ᵀ − γ(k)Cp(k) (5.50)
ρ(k) = ρ(ε¯
p
n + γ(k)) = ρn + γ(k)h (5.51)
where h is the slope of the stress-strain curve. Substituting Equations 5.50
and 5.51 into Equation 5.49, the plastic multiplier increment at each iteration
can be obtained as
Δγ
(j)
(k) =
Φ(γ(k))− F(k)(
∂σ¯y
∂σ
)ᵀ
C
∂σ¯p
∂σ
+ h
=
Φ(γ(k))− F(k)
yᵀCp+ h
. (5.52)
The iterative procedure resumes until plastic consistency is restored within a
pre-speciﬁed tolerance. Finally, the stresses are updated as follows,
σ(n+1) = σn +Δσ = σn +C(Δε−Δεp) = σn +C
(
Δε−Δε¯p∂σ¯p
∂σ
)
(5.53)
and through thickness strain is updated as
ε33 = − ν
E
(
σ11(n+1) + σ22(n+1)
)− (εp11(n+1) + εp22(n+1)) . (5.54)
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For consideration of distortional hardening, the yield function in not only a
function of the stress tensor, but also a function of the compliance factor γ,
i.e., σ¯y = σ¯y(σ, γ). And thus, so is the derivative of the yield function. The
plastic multiplier increment in Equation 5.55 becomes:
Δγ
(j)
(k) =
Φ(γ(k))− F(k)
∂σ¯y
∂σ
C
∂σ¯p
∂σ
+ h− d
(5.55)
with
h =
∂ρ
∂γ
and d =
∂σ¯y
∂γ
(5.56)
where d is a new term from anisotropic hardening. For the case of Hill (1948)’s,
it can be displaced as
d =
∂σ¯y
∂K
∂K
∂γ
(5.57)
with
K =
[
F(γ) G(γ) H(γ) N(γ)
]ᵀ
(5.58)
whose components represent Hill (1948) coeﬃcients as functions of the com-
pliance factor,
F =
(
σ¯
σ90(γ)
)2
+
(
σ¯
σb(γ)
)2
−
(
σ¯
σ0(γ)
)2
G =
(
σ¯
σb(γ)
)2
+
(
σ¯
σ0(γ)
)2
−
(
σ¯
σ90(γ)
)2
H =
(
σ¯
σ0(γ)
)2
+
(
σ¯
σ90(γ)
)2
−
(
σ¯
σb(γ)
)2
N =
(
2σ¯
σ45(γ)
)2
−
(
σ¯
σb(γ)
)2
.
(5.59)
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5.4 Materials Characterisation
Constitutive modelling of anisotropic plastic behaviour of two diﬀerent alu-
minium alloys is investigated: 5019A-H48 and AA2090-T3.
Partially owing to the diﬃculty in measuring the anisotropic elastic properties,
the elastic behaviour is typically characterised as an isotropic response using
a unique elastic modulus E and one Poisson ratio ν. Therefore, throughout
the body of this thesis, isotropic elasticity will be assumed. Material density,
elasticity modulus and Poisson ratio, used for both aluminium alloys, are given
in Table 5.1.
Strain hardening behaviour will be described by one of the two well known
hardening law forms, an exponential (Voce [100, 101]) law and a power (Swift [94])
law:
σ = A− Be−Cε¯p (5.60)
σ = K(ε0 + ε¯
p)n. (5.61)
In this section, Hill (1948) and Yld2000-2d formulations will be used com-
bined in a constitutive model based on Non-AFR. For a complete description
of the material anisotropic plastic behaviour using the aforementioned models,
up to 16 coeﬃcients are required (this is the case for Yld2000-2d Non-AFR,
where both yield and potential functions, individually, require eight coeﬃ-
cients). Therefore, experimental data will include, for all materials, two dif-
ferent sets of experimental data (deﬁned in Section 3.3): yield stresses along
the directions with respect to the rolling direction (σ0, σ15, σ30, σ45, σ60, σ75
and σ90) normalised to a reference value (σθ/σ¯); and the Lankford coeﬃcients
for the same directionalities (r0, r15, r30, r45, r60, r75, and r90); and the equal-
biaxial yield stress σb and r-value rb.
Uniaxial tension, hydraulic bulge and disk compression tests were conducted
to obtain the anisotropic parameters. True stress-strain curves and plastic
strain ratios (r-values) were obtained experimentally along the directions (0,
15, 30, 45, 60, 75 and 90◦ from the rolling direction) and also hydraulic bulge
and disk compression tests for biaxial stress states. Stress-ratios are given in
Table 5.2 and the r-values in Table 5.3 for both 5019A-H48 and AA2090-T3.
Balanced biaxial true stress-strain data measured in the bulge test for 5019A-
H48 were ﬁt to the Voce equation (Equation 5.60),
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σ = 501.32− 166.23 e−20.9ε¯p [MPa] (5.62)
The yield stress-ratios in Table 5.2 for 5019A-H48 are, hence, normalised to
the biaxial yield stress (σ¯ = σb).
The directional plastic stress-strain curves for AA2090-T3 along every 15◦
from the rolling direction and equal-biaxial stress-state were similarly measured
experimentally and are plotted in Figure 5.3, together with the analytical
curves obtained by ﬁtting the data with a Swift hardening law. In this case,
the stress-strain curve along the rolling direction is used as reference and is
given by a Swift power law (Equation 5.61) in the form
σ = 645.79 (0.0218 + ε¯p)0.229 [MPa]. (5.63)
The stress-ratios were then calculated from the Swift hardening law: stress
values for zero eﬀective plastic strain (ε¯p), and normalised to the uniaxial
yield stress along the rolling direction (σ¯ = σ0).
The normalised yield stresses and plastic strain ratios (r-values) listed in Ta-
bles 5.2 and 5.3 are hence suﬃcient for the calculation of the anisotropic pa-
rameters in both Hill (1948) and Yld2000-2d, under the plane stress condition.
The coeﬃcients for the yield function are based on the initial stress-ratios, and
the coeﬃcients for the plastic potential are obtained from the r-values. These
are speciﬁed in Tables 5.4 and 5.5 for both 5019A-H48 and AA2090-T3.
Finally, for all sheet metals used throughout this work, the properties along
the thickness direction (transverse direction) are assumed to be isotropic – the
materials are thus assumed to exhibit planar anisotropy. Work hardening will
also be assumed isotropic during the ﬁrst part of this study, implementation
of a distortional hardening model will be evaluated in the second part.
The directionality predictions based on Hill (1948) and Yld2000-2d for the nor-
malised yield stress and Lankford coeﬃcient directionalities (r-values) are com-
pared to experimental data in Figure 5.4 and 5.5 for 5109A-H48 and AA2090-
T3, respectively. It should be noted, here, that 5019A-H48 stress-ratios were
normalised to the uniaxial yield stress along the rolling direction σ0, and there-
fore are not represented by the values in Table 5.2.
As expected from the previous observations, referring to Non-AFR based con-
stitutive modelling, Hill (1948) formulation is only able to capture stress-ratios
and r-values along 0, 45 and 90◦ orientations, while when Yld2000-2d is used,
both yield stress and r-value directionalities are captured signiﬁcantly better
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for every 15◦ from rolling direction. These plots will be used to select the
yield and potential functions by combining Hill (1948) and Yld2000-2d in the
following sections.
Figures 5.6 and 5.7 illustrate the yield surfaces and plastic potential predicted
from Non-AFR with Yld2000-2d and Hill (1948). In Figure 5.6, the simpliﬁed
scaled approach with the rolling data proposed by Stoughton and Yoon [90]
and Safaei et al. [84] is employed to deﬁne equivalent plastic strain to assure
the equality of equivalent plastic strain and plastic multiplier (dε¯p = dγ).
Table 5.1: Elastic properties for 5019A-H48, AA2090-T3 and AA5042.
Density, ρ 2.72 g/cm3
Elastic modulus, E 68.9 GPa
Poisson ratio, ν 0.33 —
Table 5.2: Yield stress-ratios for 5019A-H48, AA2090-T3 and AA5042.
σ0/σ¯ σ15/σ¯ σ30/σ¯ σ45/σ¯ σ60/σ¯ σ75/σ¯ σ90/σ¯ σb/σ¯
AA5019-H48 0.9740 0.9720 0.9620 0.9530 0.9640 0.9900 1.0040 1.0000
AA2090-T3 1.0000 0.9623 0.9149 0.8211 0.8172 0.8862 0.9149 1.0485
AA5042 1.0000 1.0134 1.0237 1.0247 1.0337 1.0494 1.0430 1.1090
Table 5.3: R-values for 5019A-H48, AA2090-T3 and AA5042.
r0 r15 r30 r45 r60 r75 r90 rb
AA5019-H48 0.4600 0.4000 0.7600 2.1600 1.7300 1.2500 1.6200 0.3100
AA2090-T3 0.2115 0.3269 0.6923 1.5769 1.0385 0.5384 0.6923 0.6700
AA5042 0.3540 0.2390 0.6400 1.0690 1.2790 1.2240 1.3960 0.9910
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Table 5.4: Anisotropy coeﬃcients in Hill (1948) for 5019A-H48, AA2090-T3 and
AA5042.
F G H N
AA5019-H48
yield 0.9379 1.0621 1.0461 3.4043
potential 0.3890 1.3699 0.6301 4.6785
AA2090-T3
yield 1.1044 0.7148 1.2852 5.0238
potential 0.5043 1.6508 0.3492 4.4761
AA5042
yield 0.7324 0.8938 1.1062 2.9963
potential 0.3746 1.4771 0.5229 2.9053
Table 5.5: Anisotropy coeﬃcients in Yld2000-2d NAFR for 5019A-H48, AA2090-T3
and AA5042.
α1 α2 α3 α4 α5 α6 α7 α8
AA5019-H48
yield m=8 1.1739 1.0477 1.4139 0.9398 0.5932 1.0138 1.1317 0.9116
potential m=8 -2.0976 4.9104 -1.6666 1.8348 2.9108 1.5845 -3.1677 4.0526
AA2090-T3
yield m=8 -0.1897 1.8677 -1.3212 0.3126 0.8612 1.3837 0.8084 2.1155
potential m=8 -1.3443 1.6671 0.0485 0.7045 0.9937 0.7037 1.1549 1.4509
AA5042
yield m=8 1.0289 0.7578 0.5610 0.9033 1.0020 0.8771 0.5372 1.2519
potential m=14 0.9635 1.1162 2.9237 1.4503 0.4087 0.3835 1.4669 1.5420
Table 5.6: Hardening coeﬃcients: A, B, C for Voce hardening law; K, ε0 and n for
Swift hardening law.
0◦ 15◦ 30◦ 45◦ 60◦ 75◦ 90◦ biaxial
AA2090-T3
K 645.7898 620.4158 588.649 526.2098 523.627 569.5367 588.649 668.432
ε0 0.021758 0.021881 0.022034 0.022333 0.022345 0.022125 0.022034 0.022737
n 0.229126 0.229035 0.228921 0.228694 0.228684 0.228852 0.228921 0.228378
AA5042
A 375.08 396.73 374.53 371.22 365.42 376.18 379.35 404.16
B 107.28 125.35 100.39 96.8 88.6 95.15 100.04 107.17
C 17.859 11.774 15.837 15.163 17.913 16.307 16.432 18.416
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Figure 5.3: Experimental stress-strain curves and Swift hardening law ﬁt, for
AA2090-T3.
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Figure 5.4: (a) Stress-ratios and (b) r-values measured experimentally and analytical
predictions with Hill (1948) and Yld2000-2d for AA5019-H46.
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Figure 5.5: (a) Stress-ratios and (b) r-values measured experimentally and analytical
predictions with Hill (1948) and Yld2000-2d for AA2090-T3.
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Figure 5.6: 5019A-H48 (a) yield surface and (b) plastic potential based on Yld2000-
2d and Hill (1948) yield and plastic potential functions.
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Figure 5.7: AA2090-T3 (a) yield surface and (b) plastic potential based on Yld2000-
2d and Hill (1948) yield and plastic potential functions.
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Chapter 6
Veriﬁcation
6.1 Model Validation and Directionalities
Prediction
Uniaxial and equalbiaxial tension loading numerical simulations were con-
ducted with a single element in order to validate the user deﬁned material
model subroutine and to reiterate the choice of a suitable constitutive model,
i.e., the more eﬃcient combination of yield and potential functions, for predic-
tion of earing during cup drawing processes.
For uniaxial loading FE simulation, displacement boundary conditions were
applied for two collinear nodes, leading to a 10% deformation. An example
of a single element is depicted in Figure 6.1a, before and after deformation,
where displacement is applied along x-direction. In order to verify the plastic
behaviour along diﬀerent orientations, without changing the material proper-
ties for LS-DYNA’s material model, the material axes were rotated accordingly.
Simulations were then performed with the material axis rotated by 0, 15, 30,
45, 60, 75 and 90◦ from the global coordinate system (x,y,z) to (x’,y’,z). The
shell element employed was the default Belytschko-Tsay with 5 integration
points through thickness.
For equal-biaxial loading, the same displacement boundary conditions were
applied, although this instance, they were applied simultaneously along x and
y directions. Figure 6.1b shows the element before and after elastic-plastic
deformation. The material axes (rolling direction) is kept aligned with the
global coordinate system.
The results obtained from uniaxial loading FE simulations, assuming isotropic
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x
y
(a)
x
y
(b)
Figure 6.1: Undeformed (full line) and deformed (dashed line) shape of numerical
simulation of a single shell element subject to (a) uniaxial tensile loading along the
x-axis and (b) equal biaxial tensile loading.
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hardening, in terms of stress-ratios and r-values are plotted in Figures 6.2
and 6.3, for 5019A-H48 and AA2090-T3, respectively.
6.1.1 Anisotropic Hardening
Single element simulations were performed with AA2090-T3, both assuming
isotropic and anisotropic hardening and the results are compared to the ex-
perimental stress-strain curves in Figures 6.4 and 6.5, for equal-biaxial tension
and uniaxial tension along 0, 45 and 90◦ from the rolling direction. Figure 6.4
depicts the results obtained with a Non-AFR Hill (1948) model and Figure 6.5,
the results for a Non-AFR model with yield function by Hill (1948) and platic
potential by Yld2000-2d. It can be seen in that, a perfect ﬁt of the hardening
curves for all levels of strain when assuming isotropic hardening, despite using
anisotropic yield and plastic potential functions, is only obtained for the refer-
ence direction (in this case, the rolling direction). However, when anisotropic
hardening is assumed, the hardening curves match the four Swift hardening
laws obtained from the experimental data, as can be seen in Figures 6.4b
and 6.5b.
Figure 6.6 shows the predicted true stress-strain curves obtained using a
Hill (1948) Non-AFR constitutive model, for uniaxial tension tests performed
with the material properties rotated by 15, 30, 60 and 75◦ from the rolling
direction. The yield functions for these directions are not the inputs to the
anisotropic formulation, as a consequence, the experimental data is not matched
as accurately as the former results. However, an improvement is still notice-
able in the results obtained from isotropic (Figure 6.6a) and anisotropic (Fig-
ure 6.6b) formulations. In Figure 6.7, results obtained from true stress and
true strain using a y:Hill (1948) p:Yld2000-2d Non-AFR constitutive model,
for uniaxial tension simulations for the same directions (15, 30, 60 and 75◦), are
plotted. A signiﬁcant improvement in the prediction of hardening behaviour is
observed when anisotropic hardening is implemented in the constitutive model.
Additionally, combining the yield function by Hill (1948) and the plastic po-
tential deﬁned by Yld2000-2d (Figure 6.7b) leads to more accurate results than
a Non-AFR with Hill (1948) formulations only (Figure 6.6b), when assuming
anisotropic hardening.
Similarly, for the aluminium alloy AA5042, uniaxial and equal-biaxial tension
numerical simulations were carried out considering isotropic and anisotropic
hardening. Whereas AA2090-T3 hardening curves showed no signiﬁcant diﬀer-
ence in the stress-ratios evolution with deformation, the directional hardening
curves for AA5042 (see Figure 5.2) do not evolve in such similar form. Note
that the stress-strain curves actually intersect.
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Figure 6.2: 5019A-H48 (a) stress-ratios and (b) r-values measured experimentally
and single element FE simulation predictions with Hill (1948) and Yld2000-2d Non-
AFR based constitutive models.
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Figure 6.3: AA2090-T3 (a) stress-ratios and (b) r-values measured experimentally
and single element FE simulation predictions with Hill (1948) and Yld2000-2d Non-
AFR based constitutive models.
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Figure 6.4: AA2090-T3 uniaxial and equal-biaxial tension single-element FE simu-
lation with Hill (1948) Non-AFR based model assuming (a) isotropic hardening and
(b) anisotropic hardening (the present theory).
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Figure 6.5: AA2090-T3 equal-biaxial tension and uniaxial tension (along 0, 45
and 90◦ from rolling direction) single-element FE simulation with y:Hill (1948)
p:Yld2000-2d Non-AFR based model assuming (a) isotropic hardening and (b)
anisotropic hardening (the present theory).
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Figure 6.6: AA2090-T3 uniaxial tension (along 15, 30, 60 and 75◦ from rolling
direction) single-element FE simulation with Hill (1948) Non-AFR based model
assuming (a) isotropic hardening and (b) anisotropic hardening (the present theory).
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Figure 6.7: AA2090-T3 uniaxial tension (along 15, 30, 60 and 75◦ from rolling
direction) single-element FE simulation with y:Hill (1948) p:Yld2000-2d Non-AFR
based model assuming (a) isotropic hardening and (b) anisotropic hardening (the
present theory).
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The directional hardening curves obtained numerically for a Non-AFR
Hill (1948) constitutive model, considering both isotropic and anisotropic hard-
ening, for 0, 45 and 90◦ to rolling direction as well as equal-biaxial are compared
to the corresponding Voce hardening laws in Figure 6.8. When anisotropic
hardening is considered (Figure 6.8b), the numerical predictions match exper-
imental data as deformation increases. On the other hand, when isotropic
hardening is assumed (Figure 6.8a), only the hardening curve along the refer-
ence direction (0◦) is matched as accurately for all levels of deformation; for
45◦, 90◦ and equal biaxial tension tests, only the yield points are accurately
predicted and as deformation increases the error between Voce hardening law
and numerical prediction increases.
Likewise, when a Non-AFR constitutive model with the yield function Hill (1948)
and plastic potential Yld2000-2d is utilised, the hardening curves ﬁtted to ex-
perimental data are matched perfectly by the numerical stress-strain curves,
as shown in Figure 6.9b. If isotropic hardening is assumed, however, only the
reference hardening curve is predicted accurately for all levels of deformation,
as can be seen in Figure 6.9a.
Figures 6.10 and 6.11 show the stress-strain predictions for uniaxial tensile
tests along 15, 30,60 and 75◦ to rolling direction, using Hill (1948)’s Non-AFR
constitutive model and Non-AFR with yield function given by Hill (1948)
and plastic potential by Yld2000-2d, respectively. In both cases, anisotropic
hardening models lead to more accurate results.
6.1.2 Results Discussion
Numerical implementation of the Non-AFR constitutive models with diﬀerent
combinations of Hill (1948) and Yld2000-2d yield criteria has been validated,
r-values and stress-ratios predictions obtained from the numerical simulations
are in good agreement with the analytical predictions in Figures 5.4 and 5.5.
These results validate the UMAT implemented and reinforce the assumption
that combining two diﬀerent formulations in Non-AFR should be considered
as a potential option for sheet metal forming FE simulations.
Looking for the balance between a relatively simple constitutive model and ac-
curacy in prediction of the material anisotropy directionality, yield and plastic
potential functions, as well as r-value and stress-ratios predictions, suggest
that using a quadratic Hill (1948) criterion to deﬁne the yield surface and a
non-quadratic Yld2000-2d for the plastic potential, may produce eﬃcient and
fairly accurate results. Depending on the phenomenon, including earing pro-
ﬁle, wrinkling severity, springback, among others, diﬀerent combinations may
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Figure 6.8: AA5042 uniaxial and equal-biaxial tension single-element FE simulation
with Hill (1948) Non-AFR based model assuming (a) isotropic hardening and (b)
anisotropic hardening (the present theory).
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Figure 6.9: AA5042 equal-biaxial tension and uniaxial tension (along 0, 45 and 90◦
from rolling direction) single-element FE simulation with y:Hill (1948) p:Yld2000-
2d Non-AFR based model assuming (a) isotropic hardening and (b) anisotropic
hardening (the present theory).
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Figure 6.10: AA5042 uniaxial tension (along 15, 30, 60 and 75◦ from rolling direc-
tion) single-element FE simulation with Hill (1948) Non-AFR based model assuming
(a) isotropic hardening and (b) anisotropic hardening (the present theory).
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Figure 6.11: AA5042 uniaxial tension (along 15, 30, 60 and 75◦ from rolling direc-
tion) single-element FE simulation with y:Hill (1948) p:Yld2000-2d Non-AFR based
model assuming (a) isotropic hardening and (b) anisotropic hardening (the present
theory).
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be adopted for eﬃcient numerical simulations.
Implementation of distortional hardening into a Non-AFR constitutive model
was shown to lead to signiﬁcant improvements in prediction of true stress-
strain curves in simple uniaxial and equal-biaxial tension tests. In fact, stress-
strain curves along the rolling, transverse and diagonal directions are perfectly
matched, as well as the equal-biaxial stress-strain behaviour. The same accu-
racy is not obtained for the remaining directions rotated from uniaxial loading
(15, 30, 60 and 75◦). This results directly from the fact that, as opposed to
0, 45, 90◦ and equal-biaxial, are not part of the input data of the distortional
hardening model. However, a signiﬁcant improvement is still visible compared
to the counterpart isotropic hardening models.
6.2 Earing in cup Drawing
In order to evaluate the performance and applicability of the constitutive mod-
els implemented in numerical FE simulations of sheet metal forming processes,
cup drawing simulations were carried out for the two aluminium alloys 5019A-
H48 and AA2090-T3. A schematic view of tools and speciﬁc dimensions for
each alloy is illustrated in Figure 6.12. In the simulations, the tool surfaces
were modelled by analytical rigid surfaces and the blank was modelled with
4-noded shell elements.
6.2.1 5019A-H48 Cup Drawing
In order to measure earing proﬁle accurately, a partial draw to make a ﬂange
area remain under the die is designed for mini-die drawing of AA5019-H48.
The earing proﬁle in sheet metal cup drawing processes is generally obtained
by measuring the height of the ﬁnal deformed shaped cup along its radius,
relative to the cup base, as illustrated in Figure 6.13a. In a partial cup drawing,
however, the radius to the axis of symmetry of the cup is measured instead.
Measurement of the radius is illustrated schematically in Figure 6.13.
The maximum punch stroke was determined, dmax = 14.224 mm, in order
to minimize the inﬂuence of process conditions such as friction or sizing at
the ﬁnishing stage of a complete drawn cup. Blank initial thickness was
t = 0.2286 mm, the blank holding force was set to 10 kN and the Coulomb
coeﬃcient of friction μ = 0.05. Experimental data for the earing proﬁles were
then measured through the means of digital photography.
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AA2090-T3
rd = 12.70 mm
rp = 12.70 mm
Dp = 97.46 mm
Db = 158.76 mm
Dd = 101.48 mm
5019A-H48
rd = 2.286 mm
rp = 2.286 mm
Dp = 35.560 mm
Db = 59.385 mm
Dd = 36.576 mm
Figure 6.12: Schematic view and tool dimensions of cup drawing process.
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(a)
(b)
Figure 6.13: Measurement of earing proﬁle for (a) fully drawn cup (cup height) and
(b) partially drawn cup (cup radius).
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Simulation of a quarter model was performed given the orthotropic material
symmetry of sheet metal. The blank mesh was built using 392 fully integrated
shell elements (very fast) with ﬁve integration points through thickness, with
average size 1.25 × 1.25 mm and a total of 435 nodes (Figure 6.14a). The
tools were modelled by rigid surfaces and displacement was applied to the
punch, whereas a constant blank holder force is exerted by discrete spring
elements. The numerical simulations for the diﬀerent constitute models used,
took between around 10 and 30 minutes each.
Adopting the constitutive model implemented into the user deﬁned material
model developed in this work, the diﬀerent combinations of yield function and
plastic potential were studied. The deformed shapes of the drawn cup for two
cases are illustrated in Figure 6.15. In the ﬁrst (Figure 6.14a) only four ears
can be observed whereas in the second (Figure 6.14b) eight ears are formed.
The quarter cup model is reﬂected with respect to the orthotropic symmetry
axes in these images, for better perceptiveness.
The measured cup radius obtained using Hill (1948) for both yield and poten-
tial function and, likewise, using Yld2000-2d for both functions, are plotted in
Figures 6.16 and compared to Yld2004-18p based on AFR as well as to the ex-
perimental result. The models based on Yld2000-2d (Non-AFR) and Yld2004-
18p (AFR) are capable of predicting eight ears. When Hill (1948) is used to
describe both yield function and plastic potential based on Non-AFR, only
four ears are developed during cup drawing (as illustrated in Figure 6.15a). In
order to obtain eight ears prediction, it is clear that the anisotropy of the ten-
sile properties must be described accurately. In the cases studied, r-value and
ﬂow stress anisotropies are very well captured with Yld2004-18p and Non-AFR
Yld2000-2d. However, although the required number of in-plane coeﬃcients
(16) to deﬁne these two models is the same, the complexity involved in FE
implementation and computational time are signiﬁcantly increased when the
Yld2004-18p (AFR) is chosen.
It should be noted that for an orthotropic materials, the earing proﬁle between
0◦ and 90◦ should be a mirror image of the earing proﬁle between 90◦ and
180◦ with respect to the 90◦ axis. However, the experimentally measured cup
radius neighbouring 180◦ deviates to a moderate degree from this condition.
This discrepancy might have resulted from a slight misalignment between the
center of the blank and the centers of the die and the punch during the drawing
experiment.
In Figure 6.17, Non-AFR based models where diﬀerent formulations are used
for yield function and plastic potential are compared to a Non-AFR based
model that uses Yld2000-2d only and to the experimental result. When the
yield function is deﬁned by Yld2000-2d and the plastic potential by Hill (1948),
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(a)
(b)
Figure 6.14: Blank mesh for (a) 5019A-H48 mini-die cup drawing (reﬂected about
axis of symmetry) and (b) AA2090-T3 cup drawing FE simulations.
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(a)
(b)
Figure 6.15: Deformed shapes and plastic strain contours of partially drawn cups of
sheet metal 5019A-H48 using (a) y:Hill (1948) p:Hill (1948) – 4 ears – and (b) y:Hill
(1948) p:Yld2000-2d – 8 ears.
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Figure 6.16: Cup radius proﬁle after mini-die drawing of 5019A-H48. Legend e.g.:
[y: Hill (1948) p: Yld2000-2d] - Yield function Hill (1848) and plastic potential
Yld2000-2d.
only four ears are formed. However, when the inverse is implemented (y:Hill
(1948) p:Yld2000-2d) it leads to very similar result to Yld2000-2d Non-AFR.
Analysing the results from the combined criteria under Non-AFR (Figure 6.17)
and comparing to the results from Yld2000-2d with Non-AFR abovementioned,
it can be seen that by using Hill (1948) for yield function and Yld2000-2d for
plastic potential, the earing proﬁles predicted are identical, both in trend and
amplitude. These results are obtained at signiﬁcantly lower computational cost
(20% reduction in computational time) and with a reduced set of experimental
data required. While using Yld2000-2d (yield function)+Yld2000-2d (poten-
tial), 16 anisotropy parameters are required (8 stress ratios and 8 r-values), for
Hill (1948)-yield functon+Yld2000-2d (potential) only 12 are required (4 for
the yield function and 8 for plastic potential). Yoon et al. [115] proposed an
analytical earing model to describe the height contribution from stress-ratio
and r-value directionalities, the cup height is given by:
Hcup(θ) = t0 + rc +Rb
(
1 + rθ+90
2rθ+90
)[(
Rb
Rc
) rθ+90
1+rθ+90 − Rc
Rb
](
σ¯
σθ
) rθ+90
1+rθ+90
(6.1)
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Figure 6.17: Cup radius proﬁle after mini-die drawing of 5019A-H48. Legend e.g.:
[y: Hill (1948) p: Yld2000-2d] - Yield function Hill (1848) and plastic potential
Yld2000-2d.
whose parameters t0, rc, Rb and Rc are given by the dimensions in Figure 6.18.
Here is a schematic illustration of the initial and ﬁnal (drawn) conﬁguration of
the blank and the diﬀerent deformation zones considered in the formula. Fig-
ure 6.19 shows the contribution of earing from r-value and stress directionalities
predicted from the analytical formula proposed by Yoon et al. [115]. It can
be seen that both r-value and stress ratios contribute equally in earing. The
model shows earing proﬁle from r-value is a ﬂip right horizontal to the right
(mirror image with respect to 90◦) and earing contribution from stress-ratio is
a ﬂip vertical to positive.
This theory proves why the combination of Hill (1948)-yield Yld2000-2d-potential
describes earing more precisely than the combination of Hill (1948) potential
Yld2000-2d-yield as shown in Figure 6.17.
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Figure 6.18: Initial blank and drawn cup: the deformation zones for amalytical
solution [115].
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Figure 6.19: Contribution from r-value and stress-ratio directionalities in cup height
in AA2090-T3 cup drawing [115].
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6.2.2 AA2090-T3 Cup Drawing
Finite element numerical simulations of a full cup drawing process were carried
out with AA2090–T3A sheets t = 1.6 mm thick. The blank holding force was
set to 22.2 kN and the Coulomb coeﬃcient of friction μ = 0.01.
In total, 1920 shell elements were used for the blank’s mesh with maximum
characteristic length of 4 × 4 mm (See Figure 6.14b.). Belytschko-Wong-
Chiang formulation was used for the shell formulation with 7 integration points
through thickness. Examples of the deformed shapes of two fully drawn cups
obtained from FE simulations are illustrated in Figure 6.20 where both pre-
diction of four (Figure 6.20a) and six ears (Figure 6.20b) can be observed.
The earing proﬁle measured for a number of possible combinations of yield
and potential function is drawn in Figures 6.21 and 6.22, and compared to
experimental observation. It should also be noted here that the experimental
earing proﬁle should be a mirror image about 180◦ and that the deviation
from this might have been a result of a misalignment between the centres
of the blank and the tools. As observed with 5019A-H48, and established
in previous works, a Non-AFR based model where Hill (1948) formulation is
used for both yield and potential functions (y:Hill (1948) p:Hill (1948))is only
capable of predicting four ears, whereas a Non-AFR model based on Yld2000-
2d (y:Yld2000-2d p:Yld2000-2d) can predict six ears, as can be depicted from
Figure 6.21.
Furthermore, as results obtained for 5019A-H48 also revealed, if Hill (1948) is
used to describe the plastic potential in a Non-AFR based model(as is the case
for y:Hill(1948) p:Hill (1948) in Figure 6.21 and y:Yld2000-2d p:Hill (1948) in
Figure 6.22), only four ears are developed in FE simulations. On the other
hand, when Yld2000-2d was used while Hill (1948) formulation deﬁned the
yield surface (y:Hill (1948) p:Yld2000-2d), the trend to form six ears can be
predicted. As can be depicted if Figure 6.21, the implementation of this consti-
tutive model led to the formation of six ears, in agreement with experimental
observations.
Additionally, from the proﬁles in Figure 6.22, it can be seen that using either
Yld2000-2d for both yield and potential formulations (y:Yld2000-2d p:Yld2000-
2d) or the yield formulation based on Hill (1948) and plastic potential based on
Yld2000-2d (y:Hill (1948) p:Yld2000-2d), the results are in close agreement to
experimental data and describe the six ear trend of AA2090-T3 cup drawing.
However, the latter not only results in reduced complexity of the material con-
stitutive model, but consequently, also reduces computational time in around
10% . The results are compatible with the analytical formula by Yoon et
al. [115].
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(a)
(b)
Figure 6.20: Deformed shapes and plastic strain contours of partially drawn cups of
sheet metal AA2090-T3 using (a) y:Hill (1948) p:Hill (1948) and (b) y:Yld2000-2d
p:Yld2000-2d.
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Figure 6.21: Cup height after cup drawing of AA2090-T3. Legend e.g.: [y: Hill
(1948) p: Yld2000-2d] - Yield function Hill (1848) and plastic potential Yld2000-2d.
6.2.3 Anisotropic Hardening in Cup Drawing
Given the observed improvement in the prediction of true stress-strain be-
haviour of a distortional hardening into the Non-AFR constitutive models
proposed in this work, cup drawing simulations with AA2090-T3 were per-
formed assuming both isotropic and anisotropic hardening formulations and
compared. Figure 6.23 displays the earing proﬁles (cup height) measured after
complete draw of the cup, based on Hill (1948) (as proposed by Stoughton and
Yoon [93]) and based on a mixed Non-AFR constitutive model that combines
a quadratic Hill (1948) for the yield function and a non-quadratic Yld2000-2d
for plastic potential. The results are plotted for both isotropic and anisotropic
distortional hardening and compared to experimental data. It can be seen that
very little diﬀerence exists in the earing proﬁles based on the same yield and
potential functions from isotropic to anisotropic hardening considerations. It
is because the directional hardening ratios in Figure 5.3 do not change with
deformation.
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Figure 6.22: Cup height after cup drawing of AA2090-T3. Legend e.g.: [y: Hill
(1948) p: Yld2000-2d] - Yield function Hill (1848) and plastic potential Yld2000-2d.
6.2.4 Results Discussion
Non-Associated Flow Rule with various combinations of yield criteria for yield
function and plastic potential has been veriﬁed for two diﬀerent cup drawing
process conﬁgurations and alloys. For both cases, it can be observed that
the choice of Hill (1948) for yield function and potential functions does not
allow for the prediction of more than four ears. If Yld2000-2d is used instead,
mini-die cup drawing with 5019A-H48 result in formation of eight ears, and
AA2090-T3 cup drawing capture six ears, both in good agreement with what
is observed experimentally. On the other hand, AFR based on Yld20004-18p
can also predict the eight ears observed experimentally, however, this method
is 50% more costly than Non-AFR Yld2000-2d in terms of computational time.
More importantly, when Hill (1948) is used for the yield function whereas
Yld2000-2d is used for the potential function ﬂexibly in a Non-AFR, compu-
tational time can be reduced without compromising the accuracy of the earing
prediction. In fact, ﬁnite element simulation of cup drawing based on this
constitutive model is reduced by up to 20% when compared to the Yld2000-
2d Non-AFR model and hence, greatly reduced (70%) when compared to
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Figure 6.23: Cup height proﬁle after cup drawing of AA2090-T3 with isotropic and
anisotropic hardening. Legend e.g.: [y: Hill (1948) p: Yld2000-2d] - Yield function
Hill (1848) and plastic potential Yld2000-2d.
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Yld2004-18p AFR-based model.
Implementation of distortional hardening into the Non-AFR constitutive mod-
els developed throughout this work led to signiﬁcant improvements in terms of
predictions of the stress-strain curves along the diﬀerent directions of the sheet
metal in uniaxial and equal-biaxial loading simulations. However, on the other
hand, the improvements in predictions of the earing proﬁle in deep-drawing
of a cylindrical cup were not as signiﬁcant for AA2090-T3 as the adoption
of diﬀerent anisotropic yield criteria. The results presented in the current
work support the evidence, that a simple modiﬁcation of the quadratic yield
function under Non-AFR leads to signiﬁcantly improved stress-strain predic-
tions under proportional loading conditions. Even though earing proﬁle was
not greatly improved when anisotropic hardening was considered, observations
for simple proportional loading in this work and the work of Stoughton and
Yoon [93] and Taherizadeh et al [97], as well as the results in springback predic-
tions [97], suggest that its implementation together with kinematic hardening
models can result in signiﬁcant improvements. However, computational cost
should be considered when choosing between isotropic/anisotropic hardening.
Cup drawing simulations selected for the current work have shown that, for
earing prediction during this sheet metal forming process, implementation of
the anisotropic hardening model translated into up to 40% increase in compu-
tational time.
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Chapter 7
Concluding Remarks
Constitutive modelling based on Non-Associate Flow Rule was implemented
in the form of a User deﬁned MATerial model subroutine into the commercial
software LS-DYNA. The respective constitutive model is ﬂexible in terms of se-
lection of combinations of yield and plastic potential functions using Hill (1948)
and Yld2000-2d formulations for plane stress condition. Additionally, both
isotropic scalar hardening and distortional hardening can be used, based on
the empirical hardening laws, Voce or Swift. Finite element formulation im-
plemented is based on the incremental deformation theory which, in turn, is
based on the minimum plastic work path theory.
Finite element simulations of uniaxial tension loading and equal-biaxial loading
were carried out and enabled validation of the material model, as well as ac-
curacy predicting anisotropic directionalities, namely the Lankford coeﬃcients
and stress-ratios for diﬀerent directions of the metal sheet.
The constitutive models were subsequently used in ﬁnite element simulation of
cup drawing of 5019A-H48 and AA2090-T3 sheet metals and the earing proﬁles
predicted were compared to diﬀerent combinations of the functions Hill (1948)
and Yld2000-2d, to the predictions based on Associate Flow Rule Yld2004-18p
and experimental results.
Implementation of the Non-AFR based models, assuming isotropic hardening,
when diﬀerent yield and plastic potential functions are used revealed that
when Hill (1948) is used to deﬁne the plastic potential, prediction of six or
eight ears is not possible, even with a yield function based on Yld2000-2d.
On the other hand, when Yld2000-2d is used for the plastic potential, the
number of ears predicted corresponded to experimental observation: six ears
during cup drawing of AA2090-T3 and eight ears during mini-die cup drawing
of 5019A-H48.
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In what concerns the possible combinations that can be implemented using
Yld2000-2d to deﬁne the plastic potential, two distinct constitutive models can
be used: one for which both yield and plastic potential functions are based on
non-quadratic formulation Yld2000-2d and another where the yield function
is deﬁned by the quadratic formulation Hill (1948). While the ﬁrst allows for
consideration of a larger set of input experimental data (it takes into account 16
material parameters), the numerical simulation takes more computational time
than the second, while it does not translate into signiﬁcantly more accurate
prediction of the earing proﬁle. This suggests that, when earing prediction
in sheet metal forming is objective in a ﬁnite element analysis study, using a
Non-AFR model whose yield function is deﬁned by Hill (1948) and the plastic
potential based on Yld2000-2d, is a more eﬃcient approach.
Furthermore, the results obtained with the aforementioned constitutive models
were compared to the earing proﬁle predicted from an AFR model Yld2004-
18p, which requires 18 material parameters. It has been shown that, the Non-
AFR based on Hill (1948) (yield function) and Yld2000-2d (plastic potential)
earing proﬁle predictions are similarly accurate (up to eight ears) to the ones
predicted from the AFR material model. In fact, not only the Non-AFR model
requires a smaller set of experimental data (12 material parameters) but it
also results in reduced computational times of up to 50% in cup drawing FE
simulations.
Similar ﬁnite element simulations, both simple uniaxial and equal-biaxial ten-
sion tests and sheet metal cup drawing, were carried out considering isotropic
and anisotropic distortional hardening. Simple tension FE tests showed that
when distortional hardening is implemented in Hill (1948) yield function, both
when this is combined with a plastic potential function based on Hill (1948)
or based on Yld2000-2d, the directional stress-strain curves predicted accu-
rately match the experimental data for the directions explicitly deﬁned in the
yield function. Overall, superior predictions of the directional stress-strain
curves are obtained when anisotropic distortional hardening is considered, as
opposed to isotropic hardening. In cup drawing simulations, however, dis-
tortional hardening based constitutive models did not lead to signiﬁcantly
improved predictions of the earing proﬁle’s magnitude.
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